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EXPONENTIAL GENUS PROBLEMS IN ONE RELATOR 
PRODUCTS OF GROUPS 
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Abstract. Exponential equations in free groups were studied initially by 
Lyndon and Schiitzenberger [26] and then by Comerford and Edmunds [5]. 
Comerford and Edmunds showed that the problem of determining whether or 
not the class of quadratic exponential equations have solution is decidable, in 
finitely generated free groups. In this paper we show that for finite systems of 
quadratic exponential equations decidability passes, under certain hypotheses, 
from the factor groups to free products and one— relator products. 



1. Introduction 
In [26] Lyndon and Schiitzenberger studied the equation 



where a, b and c are fixed elements of a free group and M, N and P are variables 
which may take integer variables. This is an example of an exponential equation. 
In fact it is shown in [26] that this equation has no solution with M, N and P all 
greater than 1, unless a, b and c are all powers of a common element. Comerford 
and Edmunds [5] studied more general exponential equations and showed that the 
problem of determining whether or not the class of quadratic exponential equa- 
tions have solution is decidable, in finitely generated free groups. The definition of 
Comerford and Edmunds is that adopted here.^ In fact Lyndon also introduced ex- 
ponential groups (on which an associative ring acts by exponention) which he used 
to characterise the solution sets of equations in 1 variable in free groups [24], [25]. 
Lyndon considered the word problem in an exponential group and this can also 
be regarded as an exponential equation, but using a definition which allows more 
general values of exponents than that used here and in [5]. Exponential groups 
have been widely studied (see for example [1], [2], [12], [29], [21], [22], [20]). In 
particular these groups play an important role in work on Tarskii's conjectures on 
the elementary theory of free groups (see [21], [22], [34] and [33]). In this paper 
we consider exponential equations in the setting of one-relator products of groups. 
We show that for finite systems of quadratic exponential equations decidability is, 
under some extra hypotheses, inherited by free products and one-relator products. 
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Let G be a group given by a recursive presentation {C\R), write u for the element 
of G represented by m G F{C) and let X be a recursive set. An equation over G 
with variables in X is an expression of the form 

(1.1) w = 1, 

where w is an element of F{C). A solution to (1.1) is a homomorphism </> : 
F{C U X) — > G such that ^{w) = 1 and (f>{c) = c, for all c e C. A class of 
equations over G is said to be solvable (or dccidablc) if there exists an algorithm 
which will determine whether or not a given equation of the class has a solution. As 
it is well known that the word problem is not solvable in certain finitely presented 
groups, in general equations are not solvable. However in suitably restricted classes 
of groups large classes of equations are known to be solvable. One of the most 
striking results in this direction is Makanin's: that finite systems of equations are 
solvable in finitely generated free groups [27]. Furthermore Rips and Sela [31] have 
generalised this result to torsion-free hyperbolic groups. 

An equation is quadratic if every variable which occurs at all does so exactly 
twice. For example, if u,v G F(C), and and x,y,z G X, for then the equations 
u = 1, ux~^vxy^ = 1 and ux~^vx[y, z] = 1 are all quadratic. These examples are 
all of the form 

n t p 

UiXi [xi-^-n, Xi-^-n+t] J[_|_ •^i+n+2i ~ 1) 
i=l i=l i=l 

with Ui G F{C) and Xi G X. In fact all quadratic equations are equivalent to at 
least one such equation: where equations with the same solution sets are deemed 
equivalent. The genus of an n-tuple tli, . . . ,m„ of elements of G is the set of pairs 
of integers {t,p) such that the equation above has solution. The genus problem 
is that of determining whether or not a given pair {t,p) belongs to the genus of 
a given n-tuple of elements of G. It is known (see Example 5.7 and [7], [8] and 
[9]) that decidability of the genus problem is inherited from the factor groups by 
one-relator products, under suitable hypotheses on the factors and the relator. 

In this paper we generalise some of the results of Example 5.7 mentioned above 
to quadratic exponential equations. If A and /i are unknowns, u, u G F{C) and 
x,y,z £ X then the expressions = 1, u^x~^v^xy'^ = 1 and u^x~^v'^x[y, z] = 1 
are all examples of quadratic exponential equations. A solution to one of these 
equations consists of a map a : {A,/i} — > Z, say a(A) = I, a.{jj,) = m, and a 
homomorphism (j) : F{C) — > G such that </) is a solution to the quadratic equation 
u' = 1, u^x~^v"^xy^ = 1 or u''x~^v'^x[y, z] = 1, as appropriate. Usually some 
conditions are imposed on the values that A and /i can take. For instance in the 
exponential equations above it is reasonable to insist that A, /x ^ 0. More generally 
solutions with A > I and > m may be of interest. We leave the formal definition 
to Section 3 but roughly speaking a quadratic exponential equation consists of an 
expression, similar to one of those above, together with a finite system of equations, 
congruences and inequalities on A,/i, . . ., which we call a parameter system. We 
restrict to linear parameter systems, since as shown by Matiyasevic, Hilbert's tenth 
problem is unsolvable for non-linear systems [28] . In [5] an algorithm is constructed 
which will determine whether or not a given quadratic exponential equation has a 
solution in the case where G is a finitely generated free group (see Example 5.1). 

Let A and B be groups. A one-relator product of A and iJ is a group of the form 
G = {A*B)/N{s), where A*B is the free product, s & A* B is a cyclically reduced 
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word of length at least 2, and N{s) is the normal closure oi s in A* B. The expo- 
nential genus problem is a natural generalisation of the genus problem, described 
above, from quadratic to quadratic exponential equations. We show that under 
suitable conditions the decidability of the exponential genus problem is inherited 
by G from the factor groups A and B. In order to prove this result a stronger 
hypothesis on A and B has been imposed: namely that simultaneous systems of 
quadratic exponential equations are solvable in A and B, in the following sense. 
Let Qi, . . . , Qm, Qm+i, ■ ■ ■ 1 Qm+n be quadratic exponential equations subject to a 
system of parameters C If Qi is an exponential equation over A, for i = 1, . . . , m 
and over B, for z = m + 1, . . . , to + n then we regard these equations as simulta- 
neous. For example take a € A and b G B, where Qi is a'^ = 1 and Q2 is b'^ = 1, 
subject to the parameter system consisting of A > 0, /i > and A = 3/x — 7. If there 
is an algorithm to decide whether or not such systems of simultaneous equations 
have a simultaneous solution then we say that quadratic exponential equations are 
solvable over {A, B). This gives rise to a corresponding simultaneous definition of 
exponential genus (Definition 3.4). We prove that if quadratic exponential equa- 
tions are solvable over [A, B) then quadratic exponential equations defined over G 
are also solvable, as long as the relator is a sufficiently high power and not of a 
particularly pathogenic type (see Corollary 5.12). In fact we show that simultane- 
ous systems of quadratic equations defined over one relator groups of the required 
form are also solvable (see Corollary 5.10). This follows from the main result of the 
paper, Theorem 5.8, which is that if the exponential genus problem is solvable in a 
class of groups then it is also solvable in one-relator products, of the required form, 
of these groups. All these results hold if we replace one-relator products with free 
products. This means in particular that we obtain the result of [5], that quadratic 
exponential equations are solvable in finitely generated free groups (see Corollary 
5.11). 

The paper is structured as follows. In Sections 2 and 3 we describe exponential 
quadratic equations and exponential genus. In Section 4 we describe how, given 
an exponential quadratic equation we can form a finite set, called a resolution, 
of corresponding equations in a normal form, which we call special. The original 
equation has a solution if and only if some element of the resolution has a solution 
so this allows us to restrict attention to special equations. In Section 5 we describe 
in more detail the decision problems under consideration. In Section 3.1 we state 
the main result of the paper, Theorem 5.8, and show how it is a consequence of 
the more technical Theorem 5.9. The remainder of the paper is devoted to proving 
Theorem 5.9. We use pictures which are described here following, mainly, Howie 
[16], [17] and [18]. The use of pictures in group theory goes back to Rourke [32] (see 
also Fenn [11]) and was developed to apply to one-relator products by Short [35]. 
The theory has been further developed and applied to various aspects of geometric 
group theory in, for example, [3], [10], [19] and [30]. Here we extend use of pictures 
made in [7], [8] and [9]. We introduce pictures and establish some of their basic 
properties in Section 6. In particular we describe the link between solutions of 
equations and pictures. A picture can be thought of as a graph on a compact 
surface S with boundary. Each boundary component is assigned a label and these 
labels correspond to the group elements which occur in a quadratic equation. A 
solution to the quadratic equation arises from a picture and vice-vcrsa. In Section 7 
we define corridors which are later used to bound the degree of exponents occuring 
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in certain minimal solutions to exponential equations. In Sections 8 and 9 we 
assign angle and then curvature to vertices and regions of pictures. These are used 
together with corridors to bound the size of pictures that correspond to solutions to 
equations. To obtain this bound we analyse the curvature of regions of our pictures 
and show, in Sections 10, 11 and 12 that non negative curvature occurs only at 
the boundary and in certain well defined configurations, see Figures 89 and 90 for 
example. This allows us, in Section 13, to bound the number of edges of a picture 
corresponding to a special equation, suitably minimised. We complete the proof of 
Theorem 5.9 in Section 14. 

It seems likely that the results proved here should hold with at least some of the 
restrictions on the relator removed. In fact it would be surprising if the conditions 
on the factor groups and relators of Example 5.7 were not sufficient to prove The- 
orem 5.8. Indeed I believe that it is possible to push the proof given here to obtain 
results more like those of Example 5.7 without very much more effort. However, 
given the length of the proof, I do not feel that any increase in its complexity is 
desirable, especially for such minor gains. A more systematic approach to the ar- 
guments of Section 6 onwards might considerably shorten the argument and allow 
some unnecessary hypotheses to be removed. 

2. Quadratic words 

Let X and D be sets indexed by N. A word with coefficients in D and variables 
in X is a finite (possibly empty) sequence of elements of {D U X)'^^ . Suppose 
w = w\ - ■ -Wn is a word, where G (D U X)"^^, and let a e D U X. If Wi = a^, 
where e = ±1, then Wi is called an occurrence of a in w, and a is said to occur in 
w. 

Define 

Lx{w) = {x & X : X occurs in w}, 
Ld{w) = {d e D : d occurs in w} and 

L{w)=Ld{w) U Lx{w). 

Given a G D (j X define Oa{w) to be the number of occurrences of a in w. The 
word w with coefficients in D and variables in X is quadratic if Ox{w) = 2, for 
all X G Lx{w), and Od{w) — 1, for all d G L£i{w). A list of A; > 1 words w = 
(wi, . . - Wk) with coefficients in D and variables in X is called a system of words, 
of dimension k, if L(wi) n L(wj) = 0, whenever i ^ j- If w = {wi, . . . ,'Wk) is a 
system of words then we define Ld(w) = L)^^lLD{wi), Lx(w) = U^^jLx(wi) and 
L{w) = L£)(w) U Lx(w). An element a G L(w) is said to occur in w. The length 
of w is I w| = Yli=i ^^'^ is quadratic if Wi is quadratic, for i = 1, . . .k. 

A word w in an alphabet A U is cyclically reduced if no cyclic permutation 
of u! has a subword of the form aa~^ or a~^a, with a G A. In [15] Grigorchuk and 
Lysionok take a cyclically reduced quadratic word w = a^^ • ■ ■ a^" , with coefficients 
in D and variables in X, where Oi G D \J X and = ±1, and describe a surface 
associated to w. This is done as follows. Let / denote the unit interval 
/ = [0, 1] oriented from to 1. Choose a partition = poi • • • ,Pn = 1 of / into n 
sub-intervals of equal length. Label the sub-interval [pi-i,pi] with and orient 
it from pi-i to pi if Si = 1 and in the opposite sense otherwise. Identify pq and 
Pn to form a labelled oriented complex B homeomorphic to S^. Let A be a disk 
with boundary SA and identify with B. Then is the quotient space of 
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A formed by identifying sub-intervals of B which have the same label, respecting 
the orientation of sub-intervals. The result is a compact surface which has 

boundary if and only if Ld{w) is non-empty. Furthermore T,{w) is orientable if and 
only if every element of Lx {w) occurs once with positive exponent and once with 
negative exponent. We denote the number of boundary components of by 
P{w). Let S'(^) be the surface obtained from T,{w) by capping off each boundary 
component with a disk. Define the genus of w, genus(M;) = {{t,p) G : T,{w) is 
homcomorphic to the connected sum of t torii and p projective planes}. 

If T,{w) has boundary component /3 then /3 is divided into oriented sub-intervals 
labelled by elements of D. Take an end point of one of these intervals as base 
point of p. If 'S{w) is orientable we may choose an orientation on f3 such that, 
travelling round /? in the direction of orientation every sub-interval that 
is encountered is traversed from to pi. Otherwise we fix one of the two pos- 
sible orientations of p. Then traversing 6 once, in the direction of orientation, 
starting from the base point, and recording the labels as they occur, with positive 
exponent if the sub-interval orientation agrees with that of /3 and negative expo- 
nent otherwise, we obtain a word which we call a boundary label of /3. If has 
boundary components . . . , /3„ with boundary labels 61, . . . , 6„, respectively, then 
(61, ... , bn) is called a boundary labels list for w of length n, and {w;bi,. . . , 6„) is 
called a labelled quadratic word. Note that it is implicit in the definition of labelled 
quadratic word that w is cyclically reduced. 

Let F = F{D U X) denote the free group on the set f U X and let Aut/F 
denote the subgroup of the automorphism group of F which consists of those el- 
ements which fix all but finitely many elements of D (j X. Given an automor- 
phism 9 G Aut/(F) let uO denote the reduced word representing u9 £ F. Let 
{w; 61, ... , bn) be a labelled quadratic word. If w6 is a quadratic word, is 
homeomorphic to 'E,{w9) and w9 has a boundary labels list {bi9, . . . , then 9 is 
called an admissible transformation of {w; 61, ... , 6„) to {w9; bi9, . . . , bn9). 

Given non-negative integers ^, n, t,p define the quadratic word 

Q{^,n,t,p)= Jl x'^diXi [Xi+n,Xi+n+t] n ^i+n+2f 

Let n be a non-negative integer. A partition of n of length A; is a fc-tuple (ni, . . . , nfe) 
of integers such that Ui > and X^iLi "i = ^- Let n = (ni, . . . , rife), t = (ti, . . . tk) 
and p = (pi, . . . ,pk) he partitions of length /e > 0, of integers n, t and p respectively, 
such that Uj + tj + pj > 0, for 1 < j < k. Then we say that (n,t,p) is a 
positive 3-partition of (n,t,p) (of length k). If h is any partition, of length k of 
a non-negative integer h and (n, t,p) is a positive 3-partition then we say that 
(h, n, t, p) is a positive ^-partition of (/i, n, t,p). Given partitions h' = {h'l, . . . , h'l), 
n' = (n'j, . . . t' = {t\, . . . and p' = {p\, . . . ,p[) such that (h', n', t', p') is a 
positive 4-partition, we say that (h', n', t', p') < (h, n, t,p) if there exist integers 
ji,. . . , ji such that 1 < ji < ■ ■ ■ < ji < k with /i • < hj^ , n'^ < nj. , t • < tj. and 
Pi ^ Pji J for i = I, . . . ,1. If, in addition, t[ = tj. and p[ = pj. , for i = 1, . . . , /, we 
say that (h', n', t', p') is a sub-partition of (h, n, t,p) and write (h', n', t', p') <g 
(h, n,t,p). 
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Given a positive 3-partition (n, t,p), of lengtii k as above, define 

4i = Ci(n,t,p) = and 

(2-1) ^j+i =G+i(n't'P) =0+%+2tj+Pj, for j = 1,...,A;- 1. 

Next define the system of quadratic words 

(2.2) ci{n,t,p) = {q{Cj,nj,tj,pj) : j = 1, . . . ,k). 

Note that q{£^j,nj,tj,pj) has boundary labels list {di^^.^ . . . ,dn-+^-). A system 
w = {wi, . . . ,wi) of quadratic words is in standard form if w = q(n, t, p), for some 
positive 3-partition (n, t,p). 

Suppose that w = {wi, . . . ,Wk) is a system of quadratic words. We define the 
surface associated to w to be the compact surface 

. ^ 

Assume that Wi has boundary labels list = {b\, . . . ,bl^.) of length n^. We de- 
note ((wi; b"^), . . . , {wi~;h'')) by (w; b). We call (w; b) a system of labelled quadratic 
words which we say is in standard form if w is in standard form. Given e Aut / (F) , 

let e(hi) denote (^), . . . , ) and {e{w);e(h)) denote ((^Si); Oih^}), (%3; ^S^))- 
Then is called an admissible transformation of (w; b) to {6{w);9{h)) if is 
an admissible transformation of (wi;b*) to {6{wi):6{h^)), for i = l,...,k, and 
L{9{x)) n L{9{y)) = whenever x G L{wi), y G L{wj) and i ^ j. 

The following proposition can be proved exactly as the case fc = 1 of [15, Propo- 
sition 2.1]. 

Proposition 2.1 (cf. [15, Proposition 2.1]). Using the notation above, let (w; b) 
be a system of labelled quadratic words, of dimension k, let ni = I3{wi) and let 
{ti,Pi) S genus{wi), for i = 1, . . . , fc. Let n = (ni, . . . , nk), t = [ti, . . .tk) and p = 
(pi, . . . ,Pk)- Then there exists an automorphism rj G Autj{F{D U X)) such that rj 
is an admissible transformation o/ (w; b) to (q(n, t,p);d) and r](F{D)) = F{D). 
Furthermore r] can be effectively constructed. 

3. Quadratic Exponential Equations 

Let / be a recursive set and, for all i G I, let {Ci\Ri) be a recursive presentation 
for a group Hi and let H = *i^jHi. Let J be a recursively enumerable set and, for 
all j G J, let Sj G H, of free-product length at least 2, and let N be the normal 
closure of {sjjjej in H. 

Let C = U ieiCi, R = U ieiRi and, for each j G J, choose sj G F{C) such 
that Sj represents Sj G H. Let s = {sjjjgj- Then H has a presentation {C\R) and 
G = H/N has a presentation {C\R Us), which we call the natural presentations 
of H and G, respectively. Given groups Hi with fixed presentations as above and 
groups H and G as described we shall always assume H and G are given by fixed 
natural presentations. By a word in H we mean an element of H written in free 
product normal form. The length, l{h), of an element h of H refers to the free 
product length of a word in the normal form for H representing h (as opposed to 
the length as an element of F{C)). If u and v are words in H and u is a subword 
of some cyclic permutation of v then we say that u is a cyclic subword of v. 

A quadratic equation over G is a pair of the form {w = l,/3), where w is a 
quadratic word with coeSicients in D and variables in X, and /3 is a map /3 : 
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Ld(w) — > H. A solution to the quadratic equation {w = consists of a 

homomorphism (j) : F{L{w)) — > H such that (/>(w) G A'' and (j){d) = (3{d), for all 
d € Ld{w). In this section we define a generalisation of quadratic equations to 
what we shall call quadratic exponential equations. 

We assume that Hi has solvable word problem, for all i € I, and consequently 
H has solvable word problem: that is, that there exists an algorithm which, given 
w G F{C) will determine whether or not w = linH and, if so, will output a product 
jyh=i ^fe ^''fe'°"fe ~ -f'(C')> where Uk G F{C), ru € R and £k = ±1- Given this 
assumption we may formulate equations and decision problems for (C|i? U s) in 
terms of words in the free product H instead of words in F{C). 

Let A = {Ai, . . .} be a set indexed by N, which wc call a set of parameters. Let 
N be the free Z-module on A and let M be the free Z-module Z (B N. Elements 
of M are regarded as linear polynomials over A. An ordered pair {h,m), h € H, 
m G M, m ^ Tj, h cyclically reduced is called a proper exponential H -letter and 
the set of all such ordered pairs is denoted {H, A)o. An ordered pair (/i, n), h € H, 
l{h) = n G Z is called a degenerate exponential H -letter and the set of all such 
ordered pairs is denoted {H,A)i. The set {H,A)o U {H,A)i is called the set of 
exponential H-letters and denoted H^. We regard elements of F{H^) as reduced 
words on U (H^)^^. Given h € H we identify h with {h,l{h)), so as a set 
H c H^. An element {h, f) G such that h G Hi, for some i G /, is called a 
minor element of H^ 

li h € H and r G Z with l{h) > r > 0, define L{h,r) to be the maximal initial 
subword of h of length r and T{h,r) to be the maximal terminal subword of h 
of length r. Given a G H, with l{a) = m, and a G Z, let q,r G Z, such that 
I a\ = qm + r and < r < m, and define 

f a«i(a,r) if a > 
\ a~«t(a~\r) if a < 

Wc have a A ql{a) = so, if l{a) > 1 and a ^ 0, then a" ^ a A a. Also if a is 
cyclically reduced 

/-^Arv^-i - / Wa,r)-V(a,m-r)-i)Aa if a > 
^oAaj - I (r(a,r)i(a,m-r)) A(-a) if a < ' 



(T(a, m — r)(-(a, r)) A (—a) if a > 
(r(a~-^, m — r)t(a~^, r)) A a if a < 



Suppose a is cyclically reduced, | a| = ql{a) + r, < r < /(a), a = aooi, with 
Z(ao) = ^, ^cti) = K'^) ~ a = 6o''i with l{bi) = r, l{bo) = l{a) — r. Then 



a Aa = 

and 



a'^ao if q; > 
ifa<0 



-1 . f a-«6ri if a > 

\ a«ao if a < ' 

so a A (—a) = A a. 

A parameter system over A is a finite system of linear diophantine equations, 
congruences and inequalities in the variables A. A solution to the parameter system 
£ is a retraction a from M to Z (i.e. a Z-module homomorphism from M onto 
Z, fixing Z pointwise) such that substitution of a{X) for A, for each A G A, solves 
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L. A parameter system is consistent if it has a solution. Let a be a Z-module 
retraction from M onto Z. We define the parameter evaluation homomorphism 
a : F{H^) — > H corresponding to a, by setting a{h, /) = hAa{f), for {h, f) G H^. 

Next we generalise the notation for presentations of H and G to collections of 
such groups and presentations. Lot /, Hi, {Ci\Ri), {C\R) and H be defined as 
above. Let JsT be a recursive subset of N and let C 7 be a recursive set, for all 
kG K. Define 

(3.1) H,^k = *jex,H,, for fee if. 

Let w = {wi, . . . ,Wk) be a system of cyclically reduced quadratic words, with 
coefficients in D and variables in X, let /3 : F{Ld{'w)) — > F{H^) be a homomor- 
phism and let ai, . . . , be elements of K. If /3{d) e F{H^^.), for all d £ Loiwi), 
i = 1, . . . ,k, then the ordered pair (w, /3) is called a quadratic exponential word over 
{{Xk)keK; {Hi)i^i)^ with basis (ai, . . . , ak). 

We define a quadratic exponential equation over {{Xk)k£K', (-ffi)ie/))^ with 6asis 
(oi, . . . , Ok) to be a pair (w — 1, /3), where (w, (3) is a quadratic exponential word 
over {{Xk)k£K; {Hi)i(zi)^ with basis (ai, . . . ,afe). 

For each k € K let be a recursively enumerable subset of such that each 
element s G Sk satisfies l{s) > 2, and define 

(3.2) Gk = H^^k/Nk, 

where Nk is the normal closure of in i7,,fe. We allow the possibility that Sfe 
is empty, so it may be that Gk = H^,,k- Given a quadratic exponential equation 

= (w = l,/3) over {{Xk)keK', {Hi)i^i)^ with basis (ai, . . . , ak) a solution to Win 
{Gk)k£K is a pair {(p, a) such that a is a retraction from M toZ,<p : F{L{w)) — > H 
is a homomorphism, (/)(a) G i7*,a, , for all a G L{wi), (l){wi) G A^a* , for i = 1, . . . , fc, 
and ^(d) = d(/3(d)), for all d G Ld(w). 

If W is an equation over {{Xk)keK', {Hiji^i)^ for which solutions are sought in 
{Gk)keK then we say that W has environment 

{{Xk)keK; {Hi)i^i; {Gk)keK)^- 

To specify an equation fully its environment and basis must be given, but wc omit 
these when the meaning is clear. If, in the definition of the i/*,/c, the set K has a 
unique element s and Xg = I then we refer to quadratic equations with environment 
{{Xk)k£K] {Hi)i£i] {Gk)keK)^ as equations over with solutions in G. 

Let u G F{H^) and let £ be a consistent parameter system. We say u is 
constrained by £ if £ implies that f = k{ mod 1(a)), for some fc G Z, for all proper 
exponential iJ-lcttcrs {a, f) G occurring in u, with l{a) > 2. A constrained 
quadratic exponential equation consists of a triple (w = l,/3,£), where (w = l,/3) 
is a quadratic exponential equation, £ is a consistent parameter system and /3(d) is 
constrained by £, for all d G L£){'w). A quadratic exponential equation (w = 1, /3) 
or a constrained quadratic exponential equation (w = 1, /3, £) is in standard form if 
w is in standard form. A solution to the constrained quadratic exponential equation 
(w = 1, /?, £) is a solution (0, a) to (w = 1, /?) such that a is a solution to £. 

An element (a, /) G is said to occur in the system of quadratic words (w, 0) 
if (a, /) occurs in /3(rf) for some d G ^^(w). A polynomial / G M is said to occur 
in the quadratic exponential equation (w = 1 , /3) , or in the constrained quadratic 
exponential equation (w = 1, /3, £), if (a, /) G if^ occurs in (w, 0), for some a G H. 
Also a polynomial / is said to occur in the parameter system £ if £ contains an 
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equation / = or a congruence / = 0( mod fc), for some fc S Z. A polynomial 
/ is said to occur in the constrained quadratic exponential equation (w = £) 
if / occurs either in (w = 1,(3) or in C An element A G A is said to occur in 
/ € M if the coefficient of A in / is non-zero. Also A is said to occur in a quadratic 
exponential equation (w = 1, /3, £) if A occurs in an element f G M which occurs 
in(w=l,/3,£). 

The H -length of a exponential iJ-letter (a, /) is /^(a, /) = l{a A f). The H- 
length of a reduced word u = (oi, /i)^^ . . . fnT" S F{H^), where = ±1, is 
defined to be 

n 

(3.3) lH{u) = Y,iH{ai,fi). 

i=l 

The exponential length of u is defined to be 

(3.4) |u|a = n— l<i<n and (o,, /,) is degenerate} | . 
If a : M — > Z is a retraction the exponent length of a on u is 

n 

(3.5) |«U=^|a(/0|. 

The -length of u is defined to be 

(3.6) |u| = n. 

Let W = (w = !,/?,£) be a constrained quadratic exponential equation, with 
w = (wi, . . . , Wfe). Then the H -length, exponential coordinates, exponential length 
and -length of VK, are 

c(eLD(w) 
\W\a= \0{d)\A3.nd 

\w\= J2 

deL_D(w) 

respectively. 

A solution {((), a) to W is said to be exponent-minimal if, given any solution 
{(j>',p) to M^, the inequality 

E iwi.> E i/3(^)i« 

holds. 

Let e *i^iHi, with ^(2) = n, 2; = ui • • • tt„, where G , for some ij G I and 
j = 1, . . . ,n. Define supp(z) the support of z to be {ii, . . . , in}, so z G supp(z)Hj- 
We define supp(2;, /) the support of {z, /) G if^ to be supp(2;). If w G F{H^), w = 
wl^ ■ ■ ■ w^, with Wj G and Sj = ±1, we define supp(w) the support of u; to be 
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Uj=i supp(wj). Let w = {wi, . . . , Wn) be a system of words. If = (w = 1, f3, C) 
is a constrained quadratic exponential equation with environment 

(3.7) {{X}^)keK; {Hi)iQi; {Gk)keK)^ 

and basis (ai, . . . , Ofe) then we define the support of W 

supp(W) = (X^,,...,X^J, 

where 

= [j{snpp{P{d)) : d e Ld{w^)} U |J{supp(s) : s € s^J. 
Define /' = Li^^iX'^^, ^'*,ai = *jex^.Hj, to be the normal closure of 

G -f^*,ai G'ai = ^*,ai/^ai^ for i = 1, . . . , fc. Then W is a constrained 
quadratic exponential equation with environment 

(3-8) {{X'a^)j=i,...,k; {Hi)iei'; {Gj)j=i,...,k)^ 

and basis (ai, . . . , at). Every solution to W with environment (3.8) is a solution to 
W with environment (3.7). The converse also holds as in the next lemma. 

Lemma 3.1. Every solution to W with environment (3.7) determines canonically 
a solution to W with environment (3.8). 

Proof. Let {4>, a) be a solution to W with environment (3.7). Fix i &{!,... , fc}, 
suppose X'g^. = {ii,. . . ,is} and set X" = Xai\X'^.. Let 

A = *j=iHi^ and B = *j(zx"Hj. 

Denote by / the canonical map f : A* B — > A such that ker(/) is the normal 
closure of B in A*B. Then is by definition the normal closure of Sq^ in A*B and 

C ^, so / maps into A^^.. Define (f>' : L(wi) — > A by 4>'{a) = f o (j){a), for 
all a G L(wj). If d G Loiwi) then (j){d) = a(3{d) and supp(/3((i)) C X'^^ so (j){d) G A. 
Hence 4>'{d) = d/3(d), for all d G Loiwi). Also (/)'(wi) G A^^^ as (l){wi) G A^a.- As 
L(wi) n L{wj) = 0, when i 7^ j, we can define 0' in this way simultaneously over 
L{wi), for 2 = 1, . . . , fc. Then ((/)', a) is a solution to with environment (3.8). 

Example 3.2. Let / = N and in each example below let = (Cj|i?j) be trivial 
unless Cj and Ri are given explicitly. 

(i) Let K = {1, 2}, Xi = {2} and X2 = {1, 2}. Let d = {cn, c^}, for i = 1, 2, 

i?l = {c?i,C?2}, R2 = {cli,cl2}, Si = and S2 = {cilC22C2lCl2C22C2l}- 

Then = H2, H,^2 = Hi * H2, Gi = H2 and G2 = fr*,2/((s2)). 

Let twi = di, W2 = d2X^^d3X3 and w = {wi,W2). Let /3((ii) = (c22,Ai), 
/3(d2) = (C12C22C21, 2)(ciiC22C2i, /i)(ciiC22, 2), and/3((i3) = (C21C22C11, /2)(c22C?i, 2), 
where /i = Ai — 2 and /2 = Ai — A2. Let £0 consist of the congruences 
Xi = 0( mod 2) and the inequalities A, > 0, for i = 1,2. Let £1 con- 
sist of the same congruences and the inequalities Ai > 4, A2 > 2. Then 
Wi = (w = l,/3, £j) is a quadratic exponential equation with environment 
(Xi, X2; {Hi)i^i; Gi,G2)^ and basis (1, 2). These equations also have en- 
vironment (Xi, X2; Hi, H2;Gi,G2)^ ■ Let be a retraction of M to Z 
such that q;o(Ai) = 4 and q;o(A2) = 4. Let (poixz) = C11C22 and set 
<f>o{di) = aofi{di), for i = 1, 2, 3. Then {(f)o, ao) is a solution to Wq but not 
Wi. Let ai be such that Q!i(Ai) = 6 and ai(A2) = 4. Let (piix^) ~ C11C22 
and set 4>i{di) = ai(3{di), for i = 1,2, 3. Then ((/)i, ai) is a solution to Wq 
and W^i. 
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(ii) Let Ci,Ri,Hi be as in Example 3.2(i), for i = 1,2 and let Cj,Rj be 
arbitrary for j > 3. Let iiT = N and Xi = {1,2}, X2 = {1,2,3} and 
= {jij + 1}: for j > 3, so = Hi* H2, -H"*,2 = Hi * H2 * H3 and 
= Hj * Hj+i, j > 3. Let Sj be as in Example 3.2(i), for i = 1,2 
and let Sj = 0, for j > 3. For i = or 1, the equation Wi of Example 
3.2(i) is an equation with environment {{Xi)i^K] {Hi)i£i] {Gi)i£K)^ and 
basis (1,2), with d defined as usual. The support of Wi is {X'i,X2), 
where X^ is the set Xi of Example 3.2(i). Therefore Wi is an equation 
with environment {X[,X2, Hi^H^; G'l, 62)^ and basis (1, 2), for G- defined 
as usual. Moreover W, has a solution with respect to the first named 
environment if and only if it has a solution with respect to the latter. 

The next example illustrates equations corresponding to some common group 

theoretic questions. 

Example 3.3. Let / = N, and let Ci, Ri (and Hi) be given, for all i G I. Let 
K = {1}, Xi be a recursive subset of / and Si C iJ^, 1 and Gi be defined as usual. 
Let w = (wi) and let W = (w = 1,(3,C), where wi, (3 and C are described below. 
The equation W will in each case have environment {Xi; {Hi)i^j;Gi)^ and basis 
(!)• 

(i) Let wi = di and P{di) = (fti,Ai), where hi G Assume C contains 
the subsystem £0 consisting of the inequality Ai ^ and the congruence 
Ai = 0( mod l{hi)). As no elements of X occur in W, given a solution a 
to C wc may determine whether there is a solution {4>, a) to W by setting 
(j) = a(3 and evaluating 4>{wi ) . If there is a solution then we have /i™ = 1 in 
Gi, where ml{hi) = a(Ai). When jC = jCq finding a solution is equivalent 
to showing that hi has finite order. 

(ii) With wi and £ as in the previous case let P{di) = (/ii, Ai)(/i2, ^(/i2)), 
where /ii,/i2 G i?*,i. Again, given a solution a to £ we may determine 
whether there is a solution {(p, a) to W by setting ((> = aj3 and evaluating 
(/>(m;i). If there is a solution then we have /i™ = /12 in Gi, with m as before 
a non-zero integer. 

(iii) Let wi = diX2^d2X2 and P{di) = {hi,Xi), where hi £ for i = 1,2. 
Assume £ contains the subsystem £0 consisting of the inequalities Aj 7^ 
and the congruences Aj = 0( mod l{hi)), for i = 1,2. If there is a solution 
then /i™ is conjugate to h^ in Gi, for some non zero integers m and n. 
When £ = £0 finding a solution is equivalent to showing that some power 
of hi is conjugate to a power of /i2- H £ is the union of £0 with the 
equation A2 = ^(^12) then finding a solution is equivalent to showing that 
some non-trivial power of hi is conjugate to /i2- 

3.1. Quadratic equations and genus. Let / and K be recursive sets and for 
each k E K let Xk be a recursive subset of /. Let H^ k be the free-product defined 
in (3.1), for all k € K. Let Sfe be a recursively enumerable subset of iJ*,^ and define 
Gfc as in (3.2). Let £ be a consistent parameter system. Let z = {zi,. . . , Zn) be an 
n-tuple of elements of F{H^) such that Zi is constrained by C and supp(2i) C X^., 
for some ai & K, for i = 1, . . . ,n. The set of all such z is denoted by 

( U k<£KH^,.,£). 

Let n = (ni, . . . , n^), t = {ti, . . .tk) and p = {pi, . . . ,pk) be fc-tuples of integers 
such that (n, t,p) is a positive 3-partition of {n,t,p), for some integers t and p. 
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Define = ^j(n,t,p), for 1 < j < k, as in (2.1) and define 

Ml — tJ-i{i^) = and 

(3.9) fij+i = Mj+i(n) = + n-j, for j = 1, . . . , k. 

If z G ( U keKH^f.,C) and tiiere exist ai, . . . ,ak G K such that supp{zi) C Xa^. , 
for all i with 1 + /Uj < i < Hj+i and for j = 1, . . . , fc, then we say that z is supported 
over n with feasis (ai, . . . , Ofe). 

Assume that z is supported over n with basis (ai, . . . , a^). Define a map /3 = 
/3(z, n, t, p) from the subset U^^i{d|^+i, . . . , d^j+nj } of £> to F{H^) by 

(3.10) f3id^j+i) = z^^+i, for j = 1, . . . , k, 

and let q = q(n, t, p). The quadratic exponential equation associated to (z, C, n, t, p) 

is defined to be the equation (q = 1, /?, £) which wc denote by Q = Q(z, £, n, t, p). 
Note that Q is an equation with environment {{Xk)k^K', {Hi)i^i; {Gk)keK)^ ^ind 
basis (ai, . . . , ak)- 

Definition 3.4. The C-genus of z in {Gk ■ k G K), denoted £-genus(z) is the 
set of positive 3-partitions (n, t,p) such that z is supported over n and Q has a 
solution. 

Now let (h, n, t, p) be a positive 4-partition. We shall denote by 

(3.11) (Ufe>iH,^fc,An,h) 

the set of n-tuples z G ( U keKH^^.,£) such that z is supported over n, and 
Sr=i l-2/:ij+j|A < hj, for j = 1, . . . , k. (Note that given the latter condition the jth 
exponential coordinate hj of Q satisfies h'j < hj, for all j.) If the set K has a unique 
element, s say, and Xg = I then we write 

(if^,£,n,h) 

instead of (3.11) and to simplify notation we sometimes use the latter even though 
K has more than one element. 

Given z = nLiC^i'/i) ^ F{H^) define 

(3.12) cj{z) = J2l{hiMhi)-l). 

Define 

(3.13) I s| = max{i(s) : s G Sj,j G K}, 

n 

(3.14) Wo(z) = '^u;{zi), where uj{zi) is defined in (3.12), 

i=l 
n 

(3.15) 1^1 (z) = ^ I where | 2:,] is defined in (3.6), 

(3.16) W2{z) = max{Z(/i) : {h,f) occurs in Zi, for some i} and 

(3.17) W3(z) = max{| s|, W|(z)}. 

We use Wi instead of Wi(z) when appropriate. 
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Next define 

f wi + i, ifi = o 

(3.18) M{j)={ W^3W^|(W^I + 2|s|2(|s|/2 + l)2), ifj = l 

[ 813112^^1 + I s|, ifj = 2 

and 

(3.19) M(z) = max{Af (j) : j = 0, 1, 2}. 

Let the "^-length of be | Zj | = 77j, for z = 1, n. Define 
jui = and 

(3.20) /I^ = ^j + r]j, for j = 1, . . . , n 
(so /U^^ = VFi). Write 

for j = 1, . . . , n. Consider tlie list 

(/ll, /l), • • • , (/HVi,/vKi) 

of letters occuring in the above expressions for zi, . . . ,Zn- We call the pth element 
{hp, fp) of this list the pth letter of z, for 1 < p < Wi. 

Let Ai, . . . , A| vi/i| be distinct elements of A. For each p such that {hp, fp) is a 
proper exponential iJ-letter define 

Th~f;) = ihp,\p)eH^. 

For each p such that {hp, fp) is a degenerate exponential _ff-letter define 

{hp,fp) = {hp A fp, fp) G H^. 

For J = 1, . . . n, let 

V] 

i=l 

and define z = (zT, . . . , 'z^). Given p such that {hp, fp) is a proper exponential H^- 

letter let kp be the unique integer such that C implies fp = kp{ mod l{hp)) and 
< fcp < l{hp). Define the homogeneous system of parameters Ti = 7i(z) associated 
to z and £ to be the parameter system: 

Ap - 1 > 0, 

Xp — hp = 0( mod l{hp)), 

for all p with 1 < p < H'^i such that {hp, fp) is a proper exponential i?-letter and 
l{hp) > 1. Then z is constrained by H(z) and supported over n and 

n n 

^NiU = ^|^|a, 

i=l i=l 

soz e ( U keKH^,j,,H,n,h). 

Definition 3.5. Let z e ( U k^xH^i^, C,n,h). The homogeneous equation associ- 
ated to z is the quadratic exponential equation Q-h = Q:h(z, W,n, t,p) associated 
to (z, W, n, t,p). 
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Example 3.6. With /, d, Ri, K, Xk, Sk, H^^^k, and Gk as in Example 3.2(i) let 

Zl = (C22, Ai), 

■22 = (ci2C22C21,2)(ciiC22C21,/l)(ciiC22,2), and 
2.3 = (c2lC22Cn,/2)(c22C?i,2), 

where /i = Ai — 2 and /2 = Ai — A2. Let Cq and C\ be as in Example 3.2(i). Then 
z = (.21, ^;2, -23) is constrained by Ci, i = 1,2. Let n = 3, t=p = and n = (1, 2). 
As supp(zi) = Xi and supp(zi) = X2, « = 1,2, z i.s supported over n with basis 
(1, 2). Since f = p = we have t = p = (0, 0), jij = ^j, for j = 0, 1, 2 and ni = 0, 
/U2 = 1 and /U3 = 3. The map /3 from {^1,^2, rfs} to F{H^) satisfies (3{di) = Zi, for 
i = 1,2,3. Wc have q = ((71,(72), where qi = x^^dixi and (72 = X2^d2X2X^^d3X3. 
Let Qi = (5(z, A,n, t,p), for i = 1,2 and let Wi be as given in Example 3.2(i). A 
solution to Qi is also a solution to Wi. A solution {(j), a) to Wi gives rise to solutions 
for Qi'. a solution is obtained by setting 4'{xi) equal to any clement of and 
4>{x2) = 1 G if*, 2- Since we found solutions for Wi and W2 in Example 3.2(i) it 
follows that (n, t,p) e >C,-genus(z), for i = 1,2. 

We have w(zi) = 0, uj{z2) = 6 and oj{z3) = 4 and | s| = 4 so Wq — 10. We have 
\zi\ = 1, \ z2\ = 3 and | 23] = 2 so VFi = 6. As W2 = 2 we have W3 = 4. We have 
M(0) = 4, M(l) = 576 and M(2) = 131074 so M(z) = 131074. 

We have iui=0, /i2 = l, At3 = 4 and /IJ = 6 so 

Zl = (C22, Ai), 

Z2 = (ci2C22C2i,2)(ciiC22C2i, A3)(ciiC22,2), and 

Z3 = (C21C22C11, A6)(C22Cii,2), 

Then H consists of the inequalities Ap — 1 > 0, for p = 1, 3, 6, and the congruences 
Ap = 0( mod 2), for p = 3,6. The homogeneous equation associated to z is Q-h = 
(q = l,Pn,'H), where Pn{di) = Zi. Define (j) from L{Qh) to U iJ*,2 by 
(p^Xi) = 1, i ~ 1,2 and (^(xa) = ciiC22, Define a to be the retraction such that 
oi{Xi) = 6, q(A3) = 4 and a{X(i) = 2. Then {(j), a) is a solution to Qn- Compare this 
solution to the solution {<f)i,ai) to W, given in Example 3.2(i). We have obtained 
(j) from (f>i and set a(Ap) equal to the value ai[gp), where Qp is the polynomial 
occuring in the pth letter of z. The same construction fails using ao from Example 
3.2(i) because we obtain a(A6) = 0. 

Example 3.7. Let I, Ci, Ri, K, Xk, Sk, H^^k, and Gk as in Example 3.3. In this 
case equations have environment {Xi; {Hi)i^i; Gi)^. 

(i) Let n = h = (1). The set (iJ^i,£, n, h) consists of elements of the form 

z = {uo{h, f)ui), where Ui is a product of degenerate exponential letters, 
that is Ui e F((if*^i, A)o), for i = 1,2. The equation associated to such z 
is Q = {{x^^dixi) = 1, P, C), where /3(rfi) = UQ{h, f)u\. This is equivalent 
to the equation Q' = {{di) = l,j3,C), in that solutions to Q are solutions 
to Q' and, given a solution to Q' any value of (/'(xi) gives a solution to 
Q. Suppose that z = {{h,f)), / = Ai and C contains the subsystem Cq 
consisting of Ai 7^ and Ai = 0( mod l{h)). Then Q' is the equation 
of Example 3.3(i). Hence (n, (0), (0)) G £o-genus(z) if and only if h has 
finite order in Gi. 
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On the other hand iiz — {{hi, Ai)(/i2, ^(^2)) then, as in Example 3.3(ii), 
(n, (0),(0)) G £o-genus(z) if and only if /ij" = /12, for some non-zero 

integer m. 

(ii) Let n = (1) and h = (2). The set n, h) consists of elements 
of the form z = (zi), where zi e -f^^^i, zi = uoWiUi'W2U2, with Ui,€ 

1, A)o) and Wi G H^^^. The equation associated to such z is Q = 
{{xi^diXi) = 1, P, £), where = Zi. This is equivalent to the equation 

Q' = ((rfi) = 1,0, C), as in the previous case. With z\ = (/ii, Ai)(/i2, A2) 
and Co consisting of the inequalities Ai ^ and the congruences A, = 0( 
mod l{hi)) it follows that (n, (0), (0)) e £o-genus(z) if and only if a non- 
zero power of hi is equal to a non-zero power of /i2- 

(iii) Let n = h = (2). The set {H^i, C,n,h) consists of elements of the form 
z = {zi,Z2), where Zi e H^i, Zi = UiWiVi, with Ui,Vi € F{{H^^i, A)o) and 
either Wi = (/ii, /i)(/i2, /2), with /i,/2 S M\Z and Wi-i € A)o) 
or Wi = {hi,fi), W2 = (^2,/2), with fi e M (and Wi may be triv- 
ial). The equation associated to such z is Q = {{x^^ diXiX2^ d2X2) = 
1,(3,C), where f3{di) = Zi. This is equivalent to the equation Q' = 
{{diX2^d2X2) = 1, /?,£), in the sense of the previous case of the Exam- 
ple. With z = {{hi,\i), (/i2, A2)) and £0 as in Example 3.3(iii) it follows 
that (n, (0), (0)) G £o-genus(z) if and only if a non-zero power of hi is 
conjugate to a non-zero power of /i2. 

4. Resolutions of quadratic equations 

Throughout this section the sets /, K and Xk and the groups Hi, and Gk 
are defined as in Section 3, (3.1) and (3.2). In particular we assume that Hi has 
solvable word problem, for all i € I. 

Given a A;-tuple (ai, . . . , ak) of integers we say that the s-tuple (6^^ , . . . ,bi^) of 
integers is a sub-basis of (oi, . . . , a/j) if (61, . . . , 6/j) is a permutation of (oi, . . . , a/j) 
and 1 < ii < 12 < ■ ■ ■ < is < k. 

Definition 4.1. Let W = {w = 1,(3,C) be a constrained quadratic exponential 
equation with environment {{Xk)keK', {Hi)i^i; {Gk)keK)^ and basis (ai, . . . , a^). 
Let i? be a set i? = {Wj = (w; = 1, 7^, £j) : i = 1, . . . , n} of constrained quadratic 
exponential equations such that Wi has environment {{Xk)keK'- {Hi)i£i\ {Gk)keK)^ 
and basis equal to a sub-basis of (ai, . . . , ak), for i = 1, . . . , n. Then R is called a 
resolution of W if the following conditions hold. 

(i) If W has a solution then Wi has a solution, for some i. 

(ii) There is an algorithm which, given a solution to Wi, for some i, outputs a 
solution to W in {Gk)keK- 

A resolution i? of IF is said to have property P if every element of R has property 

P. 

Theorem 4.2 (cf. [15, Proposition 2.2]). Let W = {w = l,/3, £) be a constrained 
quadratic exponential equation. Then there exists an algorithm which, giuen input 
W , outputs a resolution of W in standard form. 

Proof. Let w = {w\, . . . , Wk) and let {b\, . . . ,b\^.) be a boundary labels list for 
Wi, i = l,...,k. Choose rj GAut/(F) using Proposition 2.1, such that r] is an 
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admissible transformation of (w,b) to (v, d), where v = q(n, t,p), with n, t and 
p as described in Proposition 2.1, and ri{F{D)) = F{D). 

Let T = L{w) and define U = UaeTL{r]{a)) so L{v) c U. Since 77 fixes all 
but finitely many elements of D U X there is a finite set V C D (j X such that 
ri{F{V)) = F{V) and T U [/ C V. Then DnTcDnFsowe may define a map 
/3* : F{D r\V) — ^ F{H^) with (3*{d) = P{d), for alldeDnT and P*{d) = 1, for 
all ^ D n T. 

As ri{F{D)) = F{D) we have ?7(^'(L> n T^)) = F{Dr\V), so wc may define a map 
5* : F{Dr\V) F{H^) by ,5* = /3*or;- Vpny)- Define 5 : F{Ld{w)) ^ F{H^) 

by (5 = 5*\f(Ld(v))- If e Loiv) then d = r]{bj), for appropriate i and j, so 
(5(d) = S*id) = P*r]-^{d) = /3*(6;) = /3(6j). It follows that (v = 1,5,C) is a 
constrained quadratic exponential equation with the same environment and basis 
as W. 

Suppose {^,a) is a solution to (v = 1,6, £). Let = Lx{wi) and Ui = 
^xeT,L{r]{x)), for i = l,...,k. Let Si = Lx{vi) and Vi = Ux^SiL{v~^{x)), for 
i= 1,. . . ,k. Define a map n* : V — > H by 

/i(a), if a. G i(v) 

^ I any element of i?*,Qj if a G Ui\L(y) ' 
any element of if otherwise 

and extend /i* to a homomorphism from F{V) to iJ. (Thus if a G D n then 
At* (a) = aS*{a).) Ud€ DnT then 77(d) G F{D D U) so H*{r]{d)) = aS*{r]{d)) = 
ap*{d) = a(i{d). Also n*ri{a) G i?*,ai) for all a G L{wi), and ^*ri{wi) is conjugate 

in -ff*,ai to fj.*ri{wi) = iJ,r]{wi) = ix{vi) G iVa;, for i = 1, . . . , A;. It follows that, 
setting (j) = jjL* o ?7|i?(T), we have a solution {(j), a) to W. 

Conversely suppose {(j), a) is a solution to W. Define a map 0* : V — > H by 

{(/)(a), if aGT 
d/3*(a), ifaeDnF\T 
any element of J7,,„, if a G Fi\T ' 
any clement of H otherwise 

and extend (jf to a homomorphism (j)* : F{V) — > H. Define jj, = (p* o ?7~^|i:,(v)- 
Then /^(a) G H^^ai, for all a G L{vi), and /x(vi) = (p*rj^^{vi) is conjugate to 
(f)*{wi) G A^ai, for i = If d G I'd(v), we have /x(d) = 4)*T]^^{d) = 

af3*r]~^{d) = ad*{d) = ad{d). Hence {n,a) is a solution to (v = 1,5,C). It 
follows that R = {(v = 1,6,C)} is a resolution of W in standard form. Since 
T],Ui,Vi, 13* ,5* , L{w) and L{v) may all be effectively constructed there exists an 
algorithm as claimed. 

The process of finding ri,v,U,V, p* , 6* , L{w) and L{v) is called reduction to 
standard form. 

Let u be an element of F{H''^) such that u is constrained by a parameter system 
C. Wc say {u, C) has H^{i) redundancy if condition i below holds and that {u, C) 
has -redundancy if [u, C) has H^{i) redundancy for some i, with 1 < i < 7. 

i =1: A generator {h, /) G i?^ occurs in u with h = 1 £ H. 

i =2: A generator (/i, /) G occurs in u and £ implies that / = 0. 
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i =3: A proper exponential H letter (a, /) oeeurs in u with a — ag, where ao is 
a cyclically reduced element of if, s e Z, | s| > 1 and l{a) = m > 1. 

i =4: A generator {h, /) G i?^ occurs in u with exponent —1. 

i =5: The word u contains a subword (ai, /i) • • • (a„, /„), where (oj, /») G iJ^ 
and either 

(a) n> 1 and /i, ...,/„ e Z or 

(b) there is at least one i such that {ai,fi) is a proper exponential H- 
letter and, for each i = l,...,n, if (ai, fi) is a proper exponential 
if-letter then C implies that fi=mi& Z. 

i =6: The word u contains a subword {a,f){b,g), where {a, f),{b,g) G if^ at 
least one of which is a proper exponential H letter, 1(a) = 1(b) = m, C 
implies that f = k( mod m), for some k with < k < m, a = gi ■ ■ ■ gm, 
gi G iJfe, and b^ = 3^+1 • • ■ gmQi ■ ■ ■ Qk, with e = ±1. 

i =7: The word u contains a subword (a,f)(b,g), where (a,f),(b,g) G at 
least one of which is a proper exponential iJ-letter, 1(a) = m, 1(b) = n, 
a = ai - ■ ■ a„i, b = &i • • ■ 6„, a^ G iJfe. , bj G Hi. , £ implies that f = k( 
mod m), for some k with < fc < m, and a/j = 6]"^ G .ff. 

If {u,C) has no i?^-redundancy it is said to be -irredundant. The equation 
(w = !,/?,£) is said to be H^-redundant if {/3(d), £) is iJ^-redundant, for some 
d G Ld(w), and H^-irredundant otherwise. 

If s G Z, with 1 < s < 7, and {u, C) is _ff^(z)-irredundant for i = 1, . . . , s we say 
(u, C) is H^(l, s) -irredundant. The equation (w = 1, /?, £) is s)-irredundant 
if (P(d),C) is H^(l, s) -irredundant, for all G L£i(w). 

Given a constrained quadratic exponential equation W = (w = \,fj,C) and 
d G L_d(w), suppose (j3{d),C) has if^(i)-redundancy. For each i we define a 
set R{W,i) of constrained quadratic exponential equations. When i ^ 4 the set 
R(W,i) = {W}, where W = (w = 1,/?',/;) with /?' obtained from /3 by setting 
= j3{d'), lid' ^d and equal to an element of F{H'^) dependent on I as 
follows. 

i =1 or 2: Delete, from all occurrences of the generator (h, f) at which redun- 

dancy occurs and freely reduce the resulting word, to give f3'(d). 

i =3: If if^(3)-redundancy occurs at a subword (a, /) of P{d), where a = ag, as 
in the description of iJ^(3)-redundancy above, then replace all occurrences 
of (a, /) in f3(d) by (ag, /), to give /3'(d). Note that, if C implies that f = k( 
mod 1(a)) then C implies that f = k( mod l{ao)). 

i =5: Suppose i?^(5)-redundancy occurs at a subword (ai, /i) • • • (a„, /„) of 
(3(d). For i such that (ai, fi) is a proper exponential iJ-letter set G Z 
such that C implies fi = rrii. For all other i set nii = fi. Set Cj = Ui Ami, 
for i = 1, . . . , n, to give /3'{d). Replace (ai, /i) • • • (a„, /„) in f3(d) by (c, h), 
where c = ci ■ ■ ■ c,,, and h = 1(c) G Z. 

i =6: If i?^(6)-redundancy occurs at a subword (a, (?) of /3((i) then replace 
all occurrences of (a, f){b, g) in /3(d) by (a, f+eg), to give /3'{d). Note that, 
if £ implies that f = k( mod m) and g = l{ mod m), then £ implies that 
f + eg = k + sl( mod m). 

i =7: Suppose fl'^(7)-redundancy occurs at a subword (a,f){b,g) of /3(d), as 
described in the case i =7 above. We obtain (3'(d) from f3(d) as follows. 
If (a, /) and (b, g) are both proper exponential ff-letters then replace 
all occurrences of {a,f){b,g) in /3(d) by (a, / — 1)(62 • • • &n&i5 5 — !)• If 
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(a, /) is a proper exponential i/-letter but (6, g) is not then replace all 
occurrences of (a, in /3(d) by (a, / — l)(r(6, 5 — 1), 5 — 1). If (6, 5) is 

a proper exponential if -letter but (a, /) is not then replace all occurrences 
of (a, /)(&, 5) in P{d) by (.(a, / - 1), / - 1)(62 • • • bnh,g- 1). 
We consider finally the case where W has occurrence of il^(4)-redundancy. 

i =4: Suppose 0{d) = wo{h,f)-^wi, where Wi e F{H'^), {h, f) € and /3{d) 
is reduced as written. If {h, /) is a degenerate exponential i?-letter then 
/ = l{h) and we define /3i : F(Lz3(w)) — > ii by Pi{d) = woih'^ , f)w-L 
and /3i(fi') = (3{d'), for d' ^ d. Then i?(l^,4) = {(w = l,l3i,C)}. 

On the other hand, if {h, /) is a proper exponential iJ-letter, let m = 
l{h) and let k G Z, such that < fc < m and C implies that f = k{ 
mod m). For i = 1, 2 define A : F{Ld{w)) — > F{H^) by f3i{v) = l3{v), if 
v^d, 

I3iid) = woiHh, k)-^T{h, m - k)-\f)wi 

and 

/32(d) = wa{[T{h,k)L{h,m - k)],-f)wi. 

Let £1 = £ U {/ > 0}, let £2 = £ U {-/ > 0}. Then any solution a to £ 
is a solution to either £1 or £2 and, if a is a solution to £j, we have 

al3{d') = al3i{d'), for all d' G LD{Mv),i = 1,2. 

Define = (w = 1, /3i, A), for i = 1, 2 and set R{W, 4) = {Wi, W2}. 

Lemma 4.3. Let W = {w = l,/3, £) be a constrained quadratic exponential 
equation. Then there exists an algorithm which, given W, outputs an H^{1,4:)- 
irredundant resolution R of W in standard form. 

Proof. We may assume, using Theorem 4.2, that W is in standard form. The 
solvability of the word problem for H allows us to determine whether W con- 
tains an occurrence of _ff ^ (i)-redundancy, for some fixed i, 1 < i < 3, and to 
find an occurrence if one exists. Replacing W by the unique equation of the set 
R{W,i) we obtain an equation W with fewer occurrences of i^^(^)-redundancy 
than W. Repeating this process we eventually obtain an equation W which is 
J?^(i)-irredundant, for i = 1,2 and 3. We may now eliminate an occurrence of 
ii^(4)-redundancy by replacing {W} with R{W',4:), if necessary. Note that, by 
construction, no element of R{W',4:) contains an occurrence of H^{i) redundancy, 
with i = 1, 2 or 3. We may repeat the removal of occurrences of ff^(4)-redundancy 
on elements of i?(W,4) to obtain a set R of ii^(l,4)-irredundant, constrained, 
quadratic exponential equations. 

It remains to show that if is a constrained quadratic exponential equation 
then R{W, i) is a resolution of W, for i = 1,2, 3, 4. This is easy to see if i = 1 or 2. 

Suppose we have ff^(3)-redundancy at the occurrence of (a, /) in /3(d) = WQ{a, fYw\, 
where e = ±1 and d G L£)(w). As W is constrained, £ implies that f = k{ 
mod m), for some integer k, with < fc < m. Let ao be a cyclically reduced 
word and s > 1 an integer such that a = Oq. By definition of _ff^(3)-redundancy 
l{ao) > 0. Set n ~ l{ao) and let p,l E I, such that k = pn + I, with < I < n. 
Assume a is a solution to £. Then, if a{f) > 0, say a{f) = qsn + k = qm + k, 
we have a{a, /) = a'^L{a, k) = a''^a^L{a,a, I) = oq A (qsn + pn + I) = d(ao, /). On 
the other hand, if a{f) < 0, say —a{f ) = qm + k, then a{a, f) = a~'^L{a~^, k) = 
a^^'^ a^^ i{aQ^ ,1) = ao A —{qsn + pn + l) = a{ao, /). Hence, if a is a solution to £ 
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then af}{d) = al3'{d), for all d £ Ld{^)- Therefore solutions of W and W coincide 
and R{W, 3) is a resolution of W. 

When JJ^(4)-redundancy occurs at a exponential iJ-letter which is not proper, 
then the resulting set R{W, 4) is clearly a resolution of W . In the remaining case a 
solution to W is also a solution to Wi. for i = 1 or 2. Conversely given a solution to 
Wi it is a solution to W. It follows that R{W, i) is a resolution of W, for i = 1, 2, 3 
and 4. 

As w is the quadratic word appearing in every element of each of the resolutions 
used above to replace W, the resolution obtained is also in standard form. 

The appHcation of the algorithm of Lemma 4.3 to produce an ^"^(1, 4)-irredundant 
resolution of an equation is called (1,4) -reduction. 
The dual of a exponential /f-letter (a, /) is 

(«,/)* = («-\-/). 

Note that ((o, /)*)* = (a, /). There is a well-defined map v : — > F{H^) given 
by u{a, f) = {a,f)* and i'{b,g) = {b,g), if {b,g) ^ (a,./)- Such a map induces an 
endomorphism v of F{H^), called the dualization at (a,/). 

We define the deletion at (a, /) G to be the endomorphism of F{H^) defined 
by SiaJ) = SiiaJ)*) = 1 and 5(fe,,g) = {b,g), for all (6, .9) ^ {(a, /), (a, /)*}• 

Let W = {vf = 1, P, £) he a constrained quadratic exponential equation. Dual- 
ization at (a,/) is admissible for W if (a,/) occurs in /3(fi), for some d £ Ld(w) 
and if £ U {— / > 0} is consistent. Deletion at (a,/) is admissible for W if (a,/) 
occurs in P{d), for some d G Ld(w) and if £ U {/ = 0} is consistent. 

Define M^w,^) = {f e. M : (a,/) occurs in (w, /?)}. Then W is called positive 
if it is if^(l,4)-irredundant and C implies that / > 0, for all / G A^(w, /3). 

Lemma 4.4. Let = (w = 1,/?, £) &e an H^{\^ A) -ir redundant, consistent, qua- 
dratic exponential equation. Then there exists an algorithm which, when given W , 
outputs a positive resolution of W in standard form. 

Proof. If (a, /) is a degenerate exponential il-letter occuring in W and / < then 
we may replace (a, /) by {a~^ , ~f)- We may therefore restrict attention to proper 
exponential if-letters. Given / G 7W(w,/3) define H^{w,l3,f) = {{a J) G : 
[a, f) occurs in (w,/?)}. Suppose / G Al(w, /3) and assume that H^{w, (3, f) = 
{(ai, /),..., (a„,/)} and that H^{vv,(3,-f ) = {(a„+i, -/),..., (a„+p, -/)}. If 
£ U {/ < 0} is consistent, let i^i be the dualization at (a^, /), i = 1, . . . , n + _p, define 
I// = jy„o ••• oz/i and set W-lf) = (w = 1, z/^ o /3, £ u {-/ > 0}). If £ U {/ = 0} 
is consistent, let 5i be the deletion at (a^, /). Define 6^ = Sn+p o ■ ■ ■ o Sn o ■ ■ ■ o Si 
and set Wo{f) = (w = 1, 5^ o /?, £ U {/ = 0}). Finally, if £ U {/ > 0} is consistent, 
define = Vn+p o ■■ ■ o Vn+i and set W+(/) = (w = 1, /3, £ U {/ > 0}). Let Rq 
be the set consisting of whichever of W-{f), Wo(/) and W+{f) are defined. As £ 
is consistent Rq is non-empty. 

Note that for any solution a to £ we have 

a{a,f) = aAa{f) = a"^ A -a(/) 
= a-iAa(-/) = d(a-i,-/) 
= &{{a,fr)- 

Hence {(p, a) is a solution to W with a(/) < if and only if (0, a) is a solution to 
W-{f). Furthermore (0, a) is a solution to W with a{f) > or a{f) = if and 
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only if {(p, a) is a solution to W+{f) or Wo(/), respectively. Thus Rq is a resolution 
of W and as C is linear there is an algorithm which constructs Ro from input W. 

Let Af{W) = {/ e X(w, /3) : CU{f < 0} is consistent } and suppose / e Af{W). 
By definition, / ^ M{W+{f)). Also / ^ A/'(VKo(/)) U Af{W-{f)) as H^{w,Sf o 
/?,/) = //-'\w,i./o/3,/) = 0. Similarly -f ^ M(Woif))Uj^{W-{f))UAf{W+{f)). 
It follows that, for W G Rq, we have | A/'CW^')! < l-A/'(VF)|. 

No i?^(z)-redundancy, with i = 1, 3 or 4, is introduced in the process of forming 
the elements of Rq. If iJ'^(2)-redundancy occurs in some element W of Ro, then 
its subsequent removal does not increase |7V(W')|. Thus we may assume that Rq 
is iJ^(l,4)-irredundant and repeat the above process on elements of Rq. Eventu- 
ally a positive resolution of W is obtained. As in the proof of Lemma 4.3 we may 
assume that W and this resolution of W are both in standard form. 

The process of forming a positive resolution is called positive H^{1, 4) -reduction. 

Lemma 4.5. Let W = {w = 1,(3,C) be a constrained, quadratic exponential 
equation. Then there exists an algorithm which, when given W, outputs an H^- 
irredundant, positive resolution ofW in standard form. 

Proof. Lemma 4.4 implies that we may assume that W is positive. If W con- 
tains an occurrence of H^{5) redundancy then the unique equation W' of R{W, 5), 
described above, is positive. Clearly R{W, 5) is a resolution of W and W has 
fewer occurrences of i?'^(5)-redundancy than W. Furthermore the sum of expo- 
nential length and length decreases in passing from W to W . Then W' may 
be i?^(l,4)-reduced, if necessary, to produce a resolution of W every element of 
which is positive and has smaller exponential length or i?^-length than W. We 
may continue this process to arrive at a resolution which is positive and H^{1, 5)- 
irredundant. We call the process of forming this resolution positive H^{1,5)- 
reduction. 

Note that the solvability of the word problem in H allows the identification of 
occurrences of H^{6)- and i?'^(7)-redundancy. Assume that W is an element of 
the positive 5)-irredundant resolution obtained in the previous paragraph. 

Given an occurrence of H^{6) rcdimdancy we note that, as W is positive, the set 
R{W, 6) defined above is a resolution of W. Also, the unique element of R{W, 6) has 
smaller i?^-length than W. Hence we may form the resolution R{W,6), to each 
element of which wc apply positive 5)- reduction, if necessary, and repeat 

the process. As none of the operations involved increases '^-length, this process 
terminates and the resulting resolution is positive and 6) -ir redundant. We 

call the process of forming this resolution positive H^{1, 6) - reduction. 

Given W in the above resolution, suppose W contains an occurrence of H^{7)- 
redundancy at {a,f){b,g), as described in the definition of iJ^-redundancy. The 
set R{W. 7) is a resolution of W, as W is positive. Let W be the unique element of 
this set. As above, we may form a positive ^^^(1, 6)-irredundant resolution R', of 
W, which is also a resolution of W. Elements of i?(W, z), where i = 1, 2 or 6 have 
smaller ^-length than W. The element of R{W, 3) has smaller H length than 
W. In the case of W G R{W, 5) the sum of the if ^-length and exponential length 
is smaller than that of W. No operation involved in positive 6)-reduction 
increases any of length, _ff-length or exponential length. Furthermore once 
iJ^(4)-redundancy has been removed it is not reintroduced by any subsequent 
removal of il^(i)-redundancy, for any other i. Hence we may assume that in this 
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application of positive H^{1, 6)-reduction to form R' wc cither reduce the sum of 
iJ-'^-length, if-length and exponential length, or do nothing, and so introduce no 
new occurrence of iJ^(7)-redundancy. (Note that if £ implies / — 1 or g — 1 is 
equal to then the process of iJ^-reduction removes (a, /) or (6, g) from the image 
of i£)(w) under f3.) 

In forming R' we construct /?' by replacing occurrences of Uq = {a,f){b,g) by 
a word ui. We call this the R7 -process at uq- If {ui,£) is iJ'^(7)-redundant the 
i?7-process can be repeated at ui, replacing m with U2. If this can be repeated 
n times we obtain a sequence uq, . . . ,«„ and we say that the R7 process can be 
repeated n times at uq. Suppose that there exists an integer K (dependent only 
on (a,/) and {b,g)) such that the R7 process can be repeated only K times, at 
{a,f){b,g). Then, provided this holds at all occurrences of i?^(7)-redundancy, the 
i?7-process can be repeated at any further occurrences of //'^(7)-redundancy to 
form an iJ^-irredundant, positive resolution of W. 

If (a, /) is a degenerate exponential i?-letter then / € Z and the i?7-process can 
be repeated at most / times at (a, /)(&,(?). A similar statement holds if {b,g) is 
degenerate. Suppose then that (a, /) and (&, g) are proper exponential 7J-letters. 
Let l{a) = m, l{b) = n and assume first that £ implies that / = 0( mod m). 
Suppose also that the i?7-process can be repeated m+n times at (a, f){b, g). Then, 
for all r with l<r<m + n, wc have a^^ /\ r = b /\ r . This implies in particular 
that m = 1 if and only if n = 1. If m = n then W has il^(6)-redundancy, so we 
may assume m ^ n and m,n > 1. Let r = m + n and u = Ar = b Ar. Then 
u has periods m and n so, from [16], u has period e = gcd(m,n). As e\m and e|n, 
both a and b have period e. Thus W also has i7'^(3)-redundancy, a contradiction. 
Hence, when C implies / ^ 0( mod m), the i?7-process cannot continue for more 
than m + n— I iterations at (a, /)(&, g). 

Now suppose that £ implies f = k{ mod m), with < fc < to — 1. After k 
iterations of the J?7-process (a, /)(&, (?) is replaced by (a, / — k){b', g — fc), for some 
cyclic permutation b' of b. As £ implies / — fc = 0( mod to), it follows that at 
most to + n — 1 further iterations are possible. Hence the i?7-process cannot be 
repeated more than TO + n + fc — 1 < 2m + n — 1 times at (a, /)(&, <?). 

Hence in all cases there is an integer K computable from (a, /)(6, g) such that the 
i?7-process can be repeated only K times at {a,f){b,g). Thus, we can effectively 
form an iJ^-ir redundant, positive resolution of W. As in the proof of Lemma 4.3 
we may assume that W and this resolution of W are both in standard form. This 
completes the proof of the Lemma. 

Let u £ F{H^) constrained by a system of parameters £. We say {u,£) is 
cyclically -redundant if {u',£) is i? "^-redundant, for some cyclic permutation u' 
of u. If {u,£) is iJ'^-irredundant and {u',£) is cyclically -ff^-redundant for some 
cyclic permutation of u we say {u, £) is strictly cyclically -redundant. In this case 
ii u = p\ - ■ -pn, with Pi e [H^)"^^ then the word PnPi must be iJ^(i)-redundant, 
for z = 5, 6 or 7. 

The equation (w = !,/?,£) is cyclically -redundant if P{d) is cyclically H^— 
redundant for some d G Ld(w) and cyclically H^-irredundant otherwise. 

Let W = {-w = l,/3,£) be i?^-ir redundant. If d G L_d(w) and /3(d) is cyclically 
i7^-redundant then we have /3((i) = {b, g)p{a, f), where {b,g), {a, f) e H^. p G 
F{H^), and {a,f ){b,g) has if^(«)-redundancy, with i = 5, 6 or 7. Given this 
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situation we define a set R'{W,i) — {(w — l,(3i,£)}, where (3i{d') = (3{d'), for 
d! ^ d and /3j (rf) is dependent on i as follows. 

i =5: /35(d) = _p(c, /i), where (c, /i) is as defined in R{W, 5). 

i =6: j3Q{d) = p{a, f + eg), where {a,f), (h,g) and e are as described in the 
definition of il^(6)-redundancy. 

i =7: Let {a,f){b,g) satisfy the conditions for H'^(7)-rcdundancy. In the case 
where (a, /) and (b, g) are both proper exponential H letters then let 
(^■({d) = {b2 ■ ■ - bnbi, g — l)p{a,f — 1). If (a, /) is a proper exponential 
H-letter but (h.g) is not then /37(d) = (T(6,.g - l),g - l)p{a, f - 1). 
If {b,g) is a proper exponential i?-letter but (a,/) is not then /37(d) = 

ib2---bnbug-l)piiiaj-l),f-l). 

Lemma 4.6. Let = (w = 1,/3,Z!) &e a constrained quadratic exponential equa- 
tion. Then there exists an algorithm which, given W, outputs a cyclically H^- 
irredundant, positive resolution of W in standard form. 

Proof. Given Lemma 4.5 we may assume W is ff^~irredundant and positive. As 
in the proof of Lemma 4.5 we may use the sets R'{W,i) to remove occurrences of 
iJ^-redundancy in p{a, f){b, g), at each stage replacing by a set with elements 
which arc iJ^-irrcdundant, positive and such that cither the sum of ff^-length, 
iJ-length and exponential length is smaller or there are fewer occurrences of cyclic 
if^-redundancy than at the previous stage. It therefore suflaces to show that each 
of the sets R'{W, i) is a resolution of W. 

Suppose we have an occurrence of cyclic ff^-redundancy at P{d), as described 
above, and suppose d occurs in Wi. Let Wi = uox~^dxui and /3(d) = {b,g)p{a, f). 
Suppose ((/), a) is a solution to W. Define (j)' : D (j X — > H by (f>'{v) = (f>{v), if u £ 
D U X\{x,d}. Define (/)'(d) = d/3i(d). If i = 5 or 6 define (p'ix) = {bAa{g)y^(l){x). 
If i = 7 define (t>'{x) = 6j~^(/>(a;). Then clearly = otpi and it is easy 

to check that (j)'(wi) = (j}{wi). Hence (0',a) is a solution to the unique clement 
Wi of R'(W,i). Conversely, if (</>', a) is a solution to Wi, for some i, then define 
(i> : F{D \JX) — > Hhy (j){v) = (f>'{v), ioiv € D U X\{x,d}, (f>id) = al3{d) and 
4>{x) using the same rules as above, relating (j) and (/)'. Then {(j), a) is a solution to 
W. Hence R!{W, i) is a resolution of W in each case. As in the proof of Lemma 4.3 
we may assume that W and these resolutions of W are in standard form. 

Let a be a reduced word in H and s a set of words of H. Suppose that a has 
a reduced subword u such that uv is a cyclic permutation of an element of s^^, 
for some v G H, with l{v) < l{u). Then we say that a is relator reducible with 
respect to {H, s). In this case, if a = aouai, where l{a) = l{ao) + l{u) + l{ai) and 
tti e H, we say that the reduced word representing aov~^ai e is an elementary 
relator reduction of a, with respect to (H, s), replacing u by v~^. If a is not relator— 
reducible it is said to be relator-reduced, with respect to {H, s). 

Let N be the normal closure oi s G H. If the word problem is solvable in H 
then given a E H we may determine whether or not a is rclator-rcduciblc and if 
so perform an elementary relator-reduction. This decreases the length of a and 
so we may perform further elementary relator-reductions until a relator-reduced 
word a' £ H, with aN = a'N, is obtained. Then a' is called a relator-reduction of 
a, with respect to {H, s). A degenerate exponential if-letter (a, /) € is said to 
be relator-reducible, with respect to {H,s), if a is relator-reducible, with respect to 
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{H,s). A non-degenerate exponential H letter (a,/) G H''^ is said to be relator- 
reducible if some cyclic permutation of a is relator reducible. A exponential H— 
letter which is not relator-reducible is called relator-reduced. Let w = {wi, . . . ,Wk} 
be a system of quadratic words. The equation W = {w = 1, (3, £) with environment 
{{Xk)keK' {Hi),^i\ {Gk)k£K)^ and basis (ai, . . . , Uk) is said to be relator-reducible 
if an element (a, /) G H^^., which is relator-reducible with respect to Sa^, occurs 
in (3{d) for some d G L]j(wi). Otherwise W is said to be relator-reduced. 

Lemma 4.7. Let W = {w = 1, P, C) be a constrained, quadratic exponential equa- 
tion. Then there exists an algorithm which, given W, outputs a relator-reduced, 
cyclically H^-ir redundant, positive resolution ofW in standard form. 

Proof. Given Lemma 4.6 we may assume W is cyclically i?^-irredundant and 

positive. Suppose a relator reducible iJ^.a. -letter (a, f) occurs in l3{d), for some 
d G Loiwi), with j3{d) = Po{(i,f)pi. Assume first that (a,/) is degenerate. De- 
fine an equation W = (w = 1, /?',£) as follows. Let 0'{d') = P{d'), for all 
d' G LD(w)\{(i} and = po{a' ,l{a'))pi, where a' is a relator reduction of 

a with respect to (ff,^tt.,SaJ. Clearly solutions of W and W coincide and W 
has smaller iJ-length than W. We may now replace W by a positive, cyclically 
j^A ii-j-edundant resolution of W' , observing that none of the operations involved 
increases iJ-length. This process may be repeated until a positive, cyclically H^- 
irredundant resolution of W is obtained, with no relator-reducible degenerate ex- 
ponential H letters. 

Assume then that all relator-reducible exponential if-letters occurring in W are 
proper and that (o, /) is relator-reducible and occurs in /3(d), with d G Ln{wi) and 
that /3{d) = po{ci, f)pi. Define crr{W) to be the sum of Inia, /) over all occurrences 
of relator-reducible proper exponential if-letters occuring in W. 

Suppose first that a is relator-reducible and has relator-reduction oq. Let oq = 
b~^aib, where ai is cyclically reduced and b is reduced. Suppose C implies that 
f = k{ mod 1(a)), with < fc < l{a). Let A G A such that A does not occur 
in W and let c = L{a,k). Suppose c has relator-reduction cq. Define equations 
= (w = I, Pi, Ci), for i = and 1, as follows. Let (3i{d') = P{d'), for all d' ^ d, 
let /3o(<i) = Pq{cq,1{cq))px and let /3i(d) = j3o(^'"\ ^(^))(ai, A;(ai))(6co, ?(6co))pi. 
Set £o = U {/ = fc} and £i = £ U = 0, A > 0}, where g = f -k- Xl{a). 

The pair {(j), a) is a solution to Wq if and only {(/), a) is a solution to W with 
<^{f) = k. Suppose {(j),a) is a solution to W. If a{f) = ql{a) + k, then we may 
assume that q>0, since W is positive, and in the light of the previous remark we 
assume that q > 0. Given that q > 0, define a retraction a' : M — > Z by a'{p) = 
a(/x), for all /j. G A\{A}, and a'(A) = q. We have d'/3i(d) = a{po)b~^albcoa{pi), 
so a'l3iid)Na, = al3{d)Na,. Thus, if (f>' : F(Lr,(w)) — > H is defined by <?!>'(a) = 
0(a), for a 7^ d and 4''{d) = a'Pi{d) wc have (^'|lo(w) = ct'Pi and (l)'{'Wj)Naj = 
(j){wj)Naj = Naj, for all j. Hence (</'',«') is a solution to Wi. 

Gonversely, given a solution {(f)', a') to Wi we have, since £i implies that g = 0, 
that l{a)a'{X) = a'{f) ~k = ql{a) so a'/3i(d)A^a. = a'f3{d)Na^. Therefore, if we 
define </> : F{L{w)) — > by 0|L(w)\{d} = 0'U(w)\{d} and (/>(d) = a'(3{d) it follows, 
since <p{wj)Na^ = (f>'{wj)Na^, for all ivj, that {<p,a') is a solution to W. Hence 
R = {Wq, Wi} may be effectively constructed, given W, and is a resolution of W. 
Note that although ai is relator-reduced it may have a cyclic permutation which 
is relator-reducible. However l{ai) < l{a) so crr(W^i) < crr(W^), in any case. 
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Now suppose P{d) — po{a, f)pi, C implies that f = k{ mod 1(a)), a is relator- 
reduced but that a — a' a" and the cychc permutation a" a' of a is relator-reducible. 
Let a" a' have relator-reduction oo and let ao = b^^aib, where Oi is cyclically 
reduced. Define the equations = (w = l,f3i,Ci), for i = 0,2 and 3 as follows. 
Let Wo be as above and, for i = 2 and 3, let Pi\Ln{w)\{d} = 0\LD{w)\{d}- Define 

p2{d) =Po{a2,l{a2))pi, 

where a2 is the relator-reduction of o A {1(a) + k). Define 

/33(d) = po(do,l(do))(ai, Xl(a-i))(d-i,l(di))p-i, 

where A S A but A does not occur in W, do is the relator-reduction of a'b~^ and 
di is the relator-reduction of ba"L(a,k). Let £2 = Cyj {f — 1(a) + fc = 0} and 
£3 = £ U {5 = 0,A > 0}, where g = f - Xl(a) - (k + 1(a)). Let R' be the set 
consisting of those of Wq, W2 and W3 that arc defined. Then as in the case where 
a is reducible it follows that R' is a resolution of W and again crr(VFi) < ct:i(W), 
for i = 0,2,3. 

Note that, as W is positive, elements of R or R' are positive. We may now re- 
place each element of R or R' by a cyclically iJ'^- irrcdundant, positive resolution, 
observing that this process introduces no new occurrences of rclator-reducibility at 
proper exponential iJ-letters. After removal of any relator-rcducibility which may 
have been introduced at degenerate exponential _ff-lettcrs we obtain a resolution 
of W every element of which is cyclically Tf^-irredundant, positive and has no 
relator reducible degenerate exponential H letters. Furthermore elements W' of 
this resolution satisfy crr(M^') < crr(VF) since this is true of R and R' . Continuing 
this process wc obtain, eventually, the required resolution (when crr(W') =0). As 
in the proof of Lemma 4.3 we may assume that W and this resolution are both in 
standard form. 

As before, let W ~ (w — 1, /3, C) be a constrained quadratic exponential equation 
with basis (ai, . . . , a/j). Let s be a cyclic permutation of an element of sj.^ such 
that s = Sq^, where ,so is cyclically reduced, m > 1 and sq G H^^ ai- Suppose a 
proper exponential letter (sq, /) G H^^^^ occurs in the ith component of W: that is 
there exists d S L£)(wi) such that P(d) = Po(so, f)pi, for some po,Pi & F(H^g^.). 
Then we say that (so, f) is a relator-unconstrained exponential H-\etter occuring in 
f3(d), with respect to (H^^ai , SqJ. The equation W is called relator-unconstrained if 
a relator-unconstrained exponential H-\etter occurs in P(d), for some d G Ld(w) 
and relator-constrained otherwise. 

Lemma 4.8. Let W = (w = 1,(3,C) he a constrained, quadratic exponential 

equation. Then there exists an algorithm, which, given W, outputs an relator- 
constrained, relator-reduced, cyclically H^-ir redundant, positive resolution of W 
in standard form. 

Proof. Given Lemma 4.7 we may assume W is relator-reduced, cyclically H^- 

irredundant and positive. Suppose that a relator-unconstrained exponential H- 
letter (so,f) occurs in W, say P(d,) = Po(so, f)pi, for some d G Ld(wu), where 
s = s™ is a cyclic permutation of an element of s^^^, m>l, l<u<fc. 

Let {ji, ■ ■ ■ , ip] be the set of integers such that < ji < l(s)/2 and Ci = 
£ U {/ = —ji( mod (l(s))} is consistent, for i = 1, . . . ,p. Let {jp+i, • • • ,jp+q} be 
the set of integers such that < ji < l(s)/2 and Ci = £ U {/ = j,( mod (l(s))} 
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is consistent, for i — p + I, . . . ,p + q. Let T = Ld{w) and, for i = l,...,p, 
define Pi : Ld{w) — > F{H^) by Pi\T\{d} = l3\T\{d} and (3i{d) = Po{sq^ f\ji,ji)Pi- 
For i = p + 1, . . . ,p + define Pi : F{H^) — > H hy Pi\T\{d} = P\T\{d} and 
Pi{d) = Po{so /\ ji,ji)pi- Let Wi = {w = l,Pt,Ci), for i = l,...,p + q and 
R={Wu...,Wp+g}. 

For all i it follows that Wi is a positive, constrained, quadratic exponential 
equation with smaller exponential length than W. To see that i? is a resolution 
of W, suppose first that a) is a solution to W. Let a{f) = bl{s) + c, where 
< c < l{s), b,c G li. There is either an i such that c = ji, with p+l<i<p + q, 
or there is an i such that c = l{s) — ji, with 1 < i < g. In either case a is a solution 
to Ci. Fix such an i and define (j)' : F{L{w)) — > H by ?!''|i,(w)\{d} = 0|L(w)\{d} 
and (/>'(d) = aPi{d). Assume first that p+l<i<p + qso that Q < ji < l{s)/2. 
Then 

= d(po)(so A ji)Q:(pi) 

= a(}9o)s"''(so A a(/))d(pi). 

Thus (j)'{d)Na^ = 4>{d)Na^ and (</>', a) is a solution to W,. Similarly, if 1 < i < g, 
so that < ji < l{s)/2, then 

= Q!(po)(so ^ A ji)d(pi) 
= d(po)s-''-^s''+i(so ' A (/(s) - c))d(pi) 
= a{po)s-^-^{so A (Z(s)6 + c))q!(pi) 
= 6e{pQ)s~^~'^{sQ A a(/))d(pi). 

Thus cf)'{d)Na^ = 4){d)Na^^ and (</)',«) is a solution to VF^. 

Conversely, if (</>',«') is a solution to W^, £ i? then a' is a solution to £, as 
C C A- Define ^i!> : -F(i(w)) — > -ff by 9i|L(w)\{d} = 0'lL(w)\{d} and ^i!>(d) = 
a'P{d) = a'{pa){so A a'(/))Q!'(pi). lfl+p<i<p + q then = bl{s) + j„ for 

some 6 e Z, so as above it follows that 4>'{d)Na^ = (j)[d)Na^ and that (0, a') is a 
solution to W. Similarly, lil <i <q then a'{f) = hl{s) — ji, for some 6 e Z, so 

</.'(rf) =d'(po)(so' Aji)a'(Pi) 

= d'(po)s-'(soAa'(/))d'(pi), 

and (^, a') is a solution to W. 

Therefore i? is a resolution of W . Using Lemma 4.7, we may replace R by 
a resolution which is relator-reduced, cyclically i?^-irredundant, positive and in 
standard form. None of the operations involved increase exponential length and so 
repetition of this process gives the required resolution. 

Let W = (w = £) be a constrained quadratic exponential equation. Then 

W is called singular if P{d) = 1 G F{H^), for some d G L]j{w) and non-singular 
otherwise. The set S{W) = {d G L_d(w) : P{d) = 1} is called the set of singularities 
of W. 

Lemma 4.9. Let W = (w = £) be a constrained, quadratic exponential equa- 
tion. Then there exists an algorithm which, given W , outputs a non-singular, 
relator-constrained, relator-reduced, cyclically -irredundant, positive resolution 
of W in standard form. 
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Proof. Wc may assume that W is in standard form so that w = q(n, t,p), where 
(n,t,p) is some positive 3-partition of {n,t,p) G Z^. With the above notation 
assume S{W) = {di^ , . . . , di^} , where < ii < ■ ■ ■ < ig. Define io = 0, ig+i = 
n + 2t+p+l and T = {ii, . . . , i^} and define a map 

a:{l,...,n + 2t + p}\T — > {1, . . . ,n + 2t + p - s}, 

by 

a{i) = i — j, when ij < i < ij+i- 
Suppose w = wi, . . . , Wk, with Wj = q{£,j,nj, tj,pj), for j = I, . . . , k. Let Sj = 
T Ci {^j + 1, . . . , + rij}, for j = 1, . . . , fc. Form a new system of equations W = 
(w' = 1,/3',jC) from W as follows. If nj — \Sj\ = tj = pj = then delete wj from 
the system. Otherwise replace Wj with a new equation w'j formed by 

(i) deleting x~^diXi, from wj when i £ Sj, 

(ii) replacing x^^diXi with a;^^^^'jdo-(i)a;<T(i); when i ^ Sj, 

(iii) replacing [xi,Xi+tj] with [x„^i),x„^i+tj)], when ^j+rij + l < i < ^j+rij+tj, 

(iv) replacing with x^^.^ , when + nj + 2tj < i < + nj + 2tj + pj. 

Define : Ld(w') — > F{H^) by 

/3'(di)=/?K-i(.)). 
Now suppose that (0, a) is a solution to W. Define 

(j)'{a,) = (/)(a^-i(,)), 

for Ui = Xi G Ljc(w) and Ui = di £ L£)(w). By construction (</>',«) is then a 
solution to W. Conversely, let {(p',a) be a solution to PF'. For i ^ T, define 

(j){ai) = 4>'{o.a(i)), where ai = Xi E Lxi^f) or ai = di G Ld{w). Define 4'{di) = 
(j>{xi) = 1, for i gT. Then a) is a solution to W. Hence {W} is a resolution of 
W. 

Given Lemma 4.8 wc may assume that W, and so also W, is relator-constrained, 
relator-reduced, cyclically if^-irredundant and positive. 

The process of forming the resolution of Lemma 4.9 is called reduction of singu- 
larities. 

A parameter system C is said to be normalised if £ = C U f U X, where: 

Vl: C is a finite set of congruences of the form / = 0( mod m), where f G M 

and m > 0, m e Z; 
■P2: £ is a finite set of diophantine equations of the form g = 0, g £ M; 
Vd: Z is a finite set of diophantine inequalities of the form h > 0, for h G M; 
VA: if c G Z and c occurs in a congruence of C with modulus m then < c < 

m. 

Henceforward we shall assume that if (w = l,/3, £) is a constrained quadratic 
exponential equation, then C is normalised. 

A resolution of a constrained, quadratic exponential equation which is in stan- 
dard form, cyclically //■^-irredundant, positive, relator-reduced, relator-constrained, 
non-singular and normalised is called special. 

Theorem 4.10. Let W = {'w = 1,7,>C) he a constrained, quadratic exponential 
equation with environment [[Xk)k&K', {Hi)iei', {Gk)keK)^ ■ Then there exists an 
algorithm which, given W outputs a special resolution ofW. 
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Now let (h, n, t,p) be a positive 4 partition and z G ( U k>iH^i,, £,n,h). If 
Q{z, jC, n, t, p) is special we call z a special element of ( U k>\H^k^ t^i n, h). 

Lemma 4.11. If 2, is special then the homogeneous equation 

Qn = <3(z, n, t, p) 

associated to Q(z, £, n, t,p) is special. 

5. Decision problems 

Let / be a recursive set and, for all i €. I, let d be a recursive set and Ri a 
recursively enumerable subset of Fi — F{Ci). Let Hi be the group with presentation 
{Ci\Ri), for all i&I. Let K = I and set Xk = {k}, for all kGK. Then F^^i = Fi, 
for all i G I. 

The quadratic exponential equation problem or Q£-problem in the indexed set 
{{Ci\Ri) : i G I) is that of determining whether or not, given a constrained quadratic 
equation W = {w = !,/?,£) with environment {{{i})i^i; {Fi)i^i; {Hi)i^i)^ , the 
equation W has a solution and, if so, of finding one. In fact, given that the word 
problem is solvable in Hi, for all i, once the existence of a solution to W has been 
established then a solution {(j), a) may be found by enumeration of all possible values 
of (f){xj) and a{\j), for Xj and Xj occuring in W . However the algorithms described 
here for the -problem will determine whether a solution exists by constructing 
one. A similar comment applies to all the other decision problems considered herein. 

Since we wish to consider the extension of solvability from indexed families of 
groups such as {Hi)i^j to free-products and one-relator products of such groups we 
reformulate this problem in terms of free-products. Take /, d, Ri, Fi and Hi to 
be defined as at the beginning of this section. As in Section 3 let K be a reciirsive 
set and AT^ C / be a recursive subset of /, for all k G K. Define as in (3.1), let 
Sfc be a recursive subset of i?*,fc, all elements of which have length at least 2, and 
define and Gk as in (3.2). The groups and Gk are equipped with natural 
presentations as defined in Section 3. 

The Q£ -problem in the indexed set {Gk : k G K) is to determine, given a 
constrained quadratic equation W with environment 

{{Xk)keK; {Hi)i^i; {Gk)keK)^, 

whether or not W has a solution and, if so, to find one. The special quadratic 
exponential equation problem or SQ£-problem in {Gk '■ k € K) is defined in the 
same way as the Q£-problem with the additional condition that W is special. 

We say that the Q£ problem in {Gk '■ k G K) is solvable if there is an algorithm 
which, given input such a constrained quadratic exponential equation outputs a 
solution if one exists and otherwise indicates the absence of such a solution. Solv- 
ability of the 5Q5-problem in {Gk ■ k € K) is defined analogously. 

Now let (h, n, t,p) be a positive 4-partition. In the notation above the expo- 
nential genus problem at (h, n, t,p), or Q£{h,n,t,p)-problem, in {Gk : k G K) is 
that of determining whether or not, given a consistent parameter system C and an 
n-tuple z of elements of ( U fe>iif^^, £, n, h), the triple (n, t,p) G £-genus(z) and 
if so of finding a solution to Q{z, jC, n, t, p). The special exponential genus problem 
at (h, n, t,p), or SQ£{h.,n,t,p) -problem, in {Gk '■ k G K) is defined in the same 
way as the exponential genus problem with the additional constraint that z must 
be special. Note that these are decision problems for presentations of the groups 
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Gk given by some fixed environment. In particular the tj£(h, n, t, p)-problem in 
{{Ci\Ri),i G /) is to determine whether or not, given an n-tuple z of elements of 
( U ig/F/^, £, n, h), the triple (n, t,p) € >C-genus(z) and if so to find a solution to 
(5(z, £, n, t, p), an equation with environment (Fi)ig/; {Hi)i^i)^. 

The ^?£(h, n, t,p)-problem in {Gk : k G K) is solvable if there exists an algo- 
rithm which, given a consistent parameter system £ and an n-tuple z of elements 
of ( U kGKH^j., C,n,h), decides whether or not (n, t,p) G £-genus(z) and if so 
outputs a solution to Q{z, C, n, t, p). The SQ£{h, n, t, p)-problem is solvable if the 
obvious analogous conditions are satisfied. 

Example 5.1. Let I ^ K = Xi = {1}, let Ci = {ci, . . . , c„} and let Ri = 0. Then 
Hi — Fi, the free group of rank n. The Q£-problem in Fi is to determine, given 
a quadratic exponential equation with environment [Xi; Fi; Fi)-^ , whether or not 
the equation has solution and if so of finding one. This problem is shown to be 
solvable by Comerford and Edmunds in [5] . 

Example 5.2. In [23] Lipschutz and Miller describe a family of decision problems 

several of which may be given in terms of quadratic exponential equations. We 
repeat the descriptions of [23] here for such cases. Given any two of these problems 
Lipschutz and Miller construct a group presentation in which the first problem is 
solvable and the second is not. 

(i) The order problem is to determine the order of a given group element. 
With the notation of Example 3.7 we see (loc. cit. (i)) that if the 
Q£{{1), (1), (0), (0))-problem is solvable in Gi then we can determine whether 
or not the clement hi G has finite order in Gi. If so then we obtain 

a non-zero integer n such that h" — 1 in Gi. Define equations 

Wj = (M = 1, f3j,Co), for j = 1, . . . , n, 

where w = di, (3j{di) = {h\,l{hi)) and Co = 0. The order of hi is 
the smallest j such that Wj has a solution. The Wj's arc instances of 
the Q£{{0), (1), (0), (0))-problem in Gi and so are also instances of the 
g£{{0), (1), (0), (0))-problem. Hence if the ^^^((O), (1), (0), (0))-problem 
is solvable in Gi we may solve the order problem in Gi. 

(ii) The power problem is to determine, given two elements of a group, whether 
or not the first is a power of the second. Again Example 3.7(i) shows that 
we can solve this problem in Gi if the ^£((0), (1), (0), (0))-problem is 
solvable in Gi. 

(iii) The generalised power problem is to determine, given two elements of a 
group, whether or not a power of the first is a power of the second. Example 
3.7(ii) shows that we can solve this problem in Gi if the g£{{2), (1), (0), (0))- 
problem is solvable in Gi . 

Example 5.3. Continuing the development of the previous example, the power 

conjugacy problem is to determine, given two elements of a group, whether or not 
a power of the first is conjugate to a power of the second. From Example 3.7(iii) it 
follows that that we can solve this problem in Gi if the g£{{2), (2), (0), (0))-problem 
is solvable in Gi. 

Now let he a collection of recursive group presentations (elements of which 
we'll refer to as groups). The Q£-problem in is the union of the Qf-problem 
over all environments F'{Ci)iQi; (Hiji^i)^, where 7 is a recursive set, ((C, : 
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Ri))i£i is a family of presentations indexed by /, such that {d : Ri) is an clement 
of and a presentation for Hi, for all i E I. The SQ£ problem, the t/f (h, n, t, p)- 
problem, the <S^f (h, n, t, p)-problem, the -problem and the ^f-problem in 
are all defined analogously. 

Given the collection T define T* to be the collection of groups of the form *i^jHi, 
where / is a recursive set and Hi belongs to J^, for all i £ I. Each element of J^* 
is given by its natural presentation. Note that every element of belongs to J^*. 
Next define JF^ to be the collection consisting of all groups of !F* together with 
groups of the form H/N, where H = *i^iHi is an element of J^*, as above, with 
I a set of size at least 2, and N is the normal closure of a recursively enumerable 
subset of elements, of length at least 2, of H. Again each element of J^Z is given 
by its natural presentation. 

Given a subcoUection C of groups of !FZ the Q£-problem in C can therefore 
be described as follows. Let I and K he a, recursive sets such that {Ci\Ri) is a 
presentation of a group Hi of J^, for all i & I. Let X/. be a recursive subset of / 
and i?,,fe be defined by (3.1), for each k G K. Let be a recursively enumerable 
subset of elements, of length at least 2. of H■^, J■ and let Nk and Gk be defined by 
(3.2), for each k € K. Finally assume that these sets have been chosen so that 
Gk belongs to C, for all k G K. The -problem in C is to determine, given 
such data and a constrained quadratic exponential equation W with environment 
{{Xk)keK', {Hi)i(zi; {Gk)k£K)^, whether or not W has a solution and, if so, to find 
one. Similarly the CJ£(h, n, t, p)~problem in C is to determine, given such data, a 
consistent parameter system C and an element z S ( U feg^if^j,, £, n, h) whether 
or not (n, t,p) e £-genus(z) and, if so, to find a solution to (5(z, £, n, t, p). The 
SQS and <S5(S(h, n, t,p)-problems in C have similar descriptions, differing only 
in that W and z must be special. The Q£ and <S^£-problems also have similar 
descriptions. 

Theorem 5.4. Let !F be a collection of groups with solvable word problem and let 
C be a subcoUection of J^Z- The Q£ -problem in C is solvable if and only if the 
SQ£-problem in C is solvable. 

Proof. If the Q5-problem is solvable then the 5 -problem is obviously also 
solvable. Conversely suppose the 5Qf -problem in C is solvable. Let T4^ = (w = 
l,fi,C) be a constrained quadratic exponential equation. Using the algorithm of 
Theorem 4.10 we obtain a special resolution i? of W^. As the »SQf -problem is 
solvable we may determine, for each element Y G R whether or not a solution to 
Y exists. If there is such a solution then, by definition of resolution, we have an 
algorithm which outputs a solution of W. Otherwise W has no solution. 



Lemma 5.5. Let J- be a collection of groups and let C be a subcoUection of J-Z- 
Assume all the groups in T have solvable word problem and let (h, n, t,p) be a 
positive 4~partition of (h,n,t,p). Then the following are equivalent, 
(i) The G£{h.,n,t,p) -problem in C is solvable. 

(ii) The SQ£{h', n',t', p')-problem in C is solvable, for all positive 4-pO'rtitions 
(h',n',t',p') of{h,n',t,p) such tha,tn' G Z and (h', n', t', p') < (h,n,t,p). 

(Hi) The SQ£(h' , n', t', p')-problem in C is solvable, for all positive 4-partitions 
(h',n',t',p') <g (h,n,t,p). 
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Proof. For the duration of the proof choose recursive sets / and K such that {Ci\Ri) 
is a presentation of a group Hi of for all i G I. Choose Xk to be a recursive 
subset of I and let H^^k be defined by (3.1), for each k G K. Choose a recursively 
enumerable set of iJ*,^ and let Nk and Gk be defined by (3.2), for each k G K. 
Finally assume that these sets have been chosen so that Gk belongs to C, for all 
kGK. 

We show first that (i) implies (iii). Suppose that the (h, n, t, p)-problem in 
C is solvable. Then the iS^£^(h, n, t, p)-problem is obviously also solvable. As- 
sume that n = (ni, . . . , Uk) is a partition of an integer n and define fij = /ij(n), 
for J = l,...,fc + 1, as in (3.9). Let (h', n', t', p') be a positive 4-partition 
with h' = {h[,...,h[), n' = {n[,...,n[), t' = it[,...,t[), p' = and 
(h', n', t', p') <g (h,n,t,p). Then there exist integers ji j; such that 1 < ji < 
••• < ji < k with h'i < hj-, n[ < iij-, t[ = tj-, and p[ — pj., for i = I,..., I. 
Define Hj = /Xj(n'), for j = 1, . . . ,1 + 1. Let £ be a system of parameters and let 
z' = {z[, .... z'j,) be an element of ( U keKH^^., C, n', h') with basis (a'l, . . . , aj). 
Define an element z = {zi, . . . , Zn) of ( U keKH^j., £, n, h) as follows. For s such 
that + 1 < s < + n'i define Zs = z'^,, where s' = s — + iJ,^. For all 
other s G {1, . . . ,n} define Zg — (1, 0) G H^. Then z has basis (ai, . . . , ak), where 
aj, = a'i, and aj = 1, if j ^ {ji, . . . 

Recalling (2.1) and (2.2) let = ^j(n, t,p) for j = l,...k, q = q(n, t,p), 
= Cj(n',t',p') for j = 1,.../ and q' = q(n',t',p'). Recalling (3.10) let (3 = 
/3(z,n,t,p), /?' = /3(z',n',t',p'), Q = g(z,£,n,t,p) = (q = l,/3,£) and Q' = 
(5(z',£,n',t',p') = (q' = l,f3',C). Given a homomorphism <^ : i^(L(q)) — > H 
we may construct a homomorphism (p' : F(L(q')) — > H as follows. For each 
iG{l,...,l} and s' with 1 + Ct<s'<n'^+ ^l, define 

(t)'{xs') ^ 4>{xs) and 0'(4') = (t>{ds), 
where s = s' - ^- + . For s' with n - + < s' < n - + 2t\ + + C-, define 

0'(a;s') = 0(a;s), 

where s = s' — ^- — + + rij^ . If (<?!>, a) is a solution to Q then {(j)' , a) is a solution 

to Q'. 

Similarly, given a homomorphism <p' : F(L(q')) — > we may construct a 
homomorphism ^" : F{L{q)) — > H as follows. For each ji G {ji, . . . ,ji} and s 
with < s <n[+ ^j. , define 

cj)"{xs) = 0'(x,O and 0"(4) = 0'(4'), 

where s = s' — ('^ + . . For each ji G {ji, . . . , ji } and s with . + ^j. < s < 
rij- + 2tj. + pj- + ^j. , define 

<l>"{Xs)=<l>'{Xs'), 

where s = s' — — n' + ^j. + Uj.. For all other i, in an appropriate range, de- 
fine (/>((ij) = 1 and (t){xi) = 1. If (0',a) is a solution to Q then (0",q;) is a 
solution to Q'. Therefore solutions of Q correspond to solutions of Q'. The al- 
gorithm for the solution of the ^£^(h, n, t, p)-problem can thus be used to solve the 
tSt/f (h', n', t', p')-problem. Therefore (i) implies (iii). 

Suppose now that (ii) holds, so the SQ£{h\ n', t', p')-problem is solvable for all 
all positive 4-partitions (h', n', t', p') of (h, n', t,p) such that n' G Z and (h', n', t', p') < 
(h, n, t,p). Given z g ( U keK f,, £,n,h), where £ is some parameter system, 
the equation Q = Q(z, £, n, t, p) is in standard form. From Lemma 4.10 it follows 
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that there is an algorithm which outputs a special resolution R oi Q. Further- 
more the only operation involved in producing R which changes any of the Ui, 
ti, Pi or the length k of the partition, is reduction of singularities. Reduction of 
singularities never reduces U, pi, t ov p and never increases rii or k. As none of 
the operations involved in producing R increases the exponential length of any 
of the equations involved it follows that if (q(n',t',p') = l,£',/3') is an element 
of R with boundary labels list [z'l,... z'^, ) then there is a partition h' of h such 
that z' G ( U keKH^^k^C,n',\i'), (h', n', t', p') < (h,n,t,p) and (h', n', t', p') is a 
partition of {h,n\t,p), for some n' E Z. The algorithm for the SQ£{h' ,n' ,t' ,p')- 
problem may therefore be used to determine whether this element of R has a solu- 
tion and if so to find one. From the definition of resolution it now follows that an 
algorithm for the £/£(h. n.t.p) problem exists. Therefore (ii) implies (i). Finally, 
it follows directly from the definition of <g that (iii) implies (ii). 

We define the QS -problem and SQ£ problem in C to be the unions of the G£{h, n, t, p)- 
problems and the (h, n, t, p)-problems, respectively, over all positive 4-partitions 
(h, n, t, p) of length k, for all fc > 0. 

Lemma 5.6. Let T he a collection of groups and let C be a subcollection of T^. 
Assume all the groups in T have solvable word problem. Then the following are 
equivalent. 

(i) The Q£-problem in C is solvable. 

(ii) The Q£ problem, in C is solvable. 

(iii) The SQ£ problem in C is solvable. 

Proof. That assertions (ii) and (iii) are equivalent follows from Lemma 5.5. Sup- 
pose the -problem is solvable. In the notation of the proof of Lemma 5.5 Let 
(h, n, t,p) be a positive 4 partition of (h,n,t,p), C a parameter system and z an 
element of ( U fegx iJ^^., £, n, h). The algorithm for the Q£^-problem may then be 
used to determine a solution to the equation Q(z,£, n, t,p). The ^£-problem is 
therefore solvable. 

Conversely suppose that the Q£-proh\em is solvable. Using the notation of the 
proof of Lemma 5.5 again let W = (w = !,£,/?) be a constrained quadratic expo- 
nential equation with environment {{Xk)keK', {Hi)iei'. {Gk)keK)^ ■ Using Theorem 
4.2 we may assume that w is in standard form and so w = q(n, t, p), for some n, t 
and p. Let z be a boundary labels list for (w, /3) and let Q = Q{z, C, n, t, p). Then 
W has a solution if and only if (n, t,p) G £-genus(z). Therefore, if Q has expo- 
nential coordinates h, the algorithm for the G£{h, n, t, p)-problem may be used to 
determine a solution to W. It follows that the Q£-problem is solvable. 

5.1. Decision problems in free products and one— relator products. We 

shall consider exponential genus problems for collections of groups consisting of 
free-products and one-relator products of groups in which such problems are al- 
ready solvable. 

Let be a collection of group presentations and define J^Z as in the previous 
section. Define the subcollection Cm of J^Z to consist of J^* together with groups 
of the form H/N, where H = *i^iHi, Hi belongs to .F, / is a recursive set of size 
at least 2 and N is the normal closure of an element r'^ of H where r is cyclically 
reduced, not a proper power in H, l{r) > 2 and d > m. We call such groups 
d-torsion one-relator products with factors in T. If H/N is a rf-torsion group then 
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we may always write H = A * B, where A and B belong to J-* and the conditions 
on r still hold: that is H/N is a d-torsion group with exactly two factors in JT*. 
Let s denote the element r*^ of H. Then l{s) = dl{r) is at least 2d and s is cyclically 
reduced as a word in H. 

A d-torsion group A * B/N , where N is the normal closure of r'', is said to be 
exceptional of type E{p, *,d) if r = aUbU~^, with a,b G A L) B and = 1 and 
of type E{p,q,d) if in addition 6' = 1. A d-torsion group may be exceptional in 
more than one way, involving different p, q, d: see [9] for more details. We define 
the collection of groups C+ to consist of !F* together with those groups of Cm\^* 
which are not (in any way) exceptional of type E{2,*,m). 

Example 5.7. Let he a collection of group presentations and consider the 
Q£{h, n, t, p)-problem in J^, where h is a partition of 0. Suppose 

z = {zi,...,Zn) e ( U ie/ifA,£,n,h), 

for some recursive set /, groups Hi G T, and consistent parameter system C. Since 
no parameters occur in z, for all j, wc may regard Zj an clement of Hi, for some 
i € I. The parameter system £ has no bearing on the solutions to the equation 
associated to z and we can replace it by the empty set. We write genus instead of 
0-genus. If n = (m, . . . , Uk), t = {ti, ...,tk) and p = (pi, . . . ,pk) then 

(n, t, p) e genus(z) if and only if {ni,ti,pi) e genus{zi), for i = 1, . . . , fc. 

Therefore the Q£{h, n, t, p)-problem reduces to the union of the 

Q£{{0), (rii), (ti), (pi))-problems. 

That is, we need not consider systems of equations of size greater than 1 if h is 
a partition of zero. When h is a partition of zero we refer to the Q5-problem as 
the Q-problem. It is known (see [4], [6], [13], [14]) that the Q-problem is solvable 
in free groups and that if the Q-problem is solvable in then the Q-problem is 
solvable in . 

Assume now that n, t,p are non-negative integers such that n + 1 + p > and 
that the Q£{{Q), (n'), (t'), (p'))-problem is solvable in for all n' , t', p' such that 

t' +p'/2 <t+p/2 and 
(5.1) n' <n + 2{t-t') + {p-p'). 

Now let m be a fixed integer and let C be a collection of one-relator products with 

factors in such that every element of C is d torsion, for some d > m. It is known 
([7], [8], [9]) that if (5.1) and one of the following conditions (i)-(iii) holds, for all 
groups G of C, then the Q£{{0), (n), (t), (p))-problem is solvable in C. 

(i) rn > 5 and G is not in any way exceptional of type E{2, 3, 5) or E{2, 3, 6). 

(ii) m > 4 and no letter occuring in r has ordca' 2. 

(iii) m > 2 and the groups of J- are locally iiidicable. 

The previous example motivates the following definition. Let (h, n, t, p) be a pos- 
itive 4-partition of length k of {h, n, t, p), for some h, n,t,p G Z. Define A/'(h, n, t, p) 
to be the set of positive 4-partitions (h', n', p', t'), of length k', satisfying the condi- 
tions (i)-(iii) below. Assume h' = (/i'^ , . . . , /i^, ) , n' = {n[ , . . . , n^, ) , t' = (t'^ , . . . , t^, ) 
and p' = {p[,...,p'^.,). 
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(i) There exists a partition 1 = {h,. . . ,lk) such that < Ij < max{l, hj}, for 
j = 1, . . . ,k and 

(ii) Setting qo = and qj = Ig, fov j = 1, . . . ,k, we have 

X] M < for j = l,...,fc. 

(iii) For (/j-^i + 1 < « < 9j and 1 < j < A: 

(a) t - + P-/2 < tj+pj/2 and 

(b) < <n,+2(tj-t:) + (p,-p:). 

The main result proved hero is the following. 

Theorem 5.8. Let (h, n, t, p) be a positive A-partition and let he a collection of 
group presentations with solvable Q£{h.' ,n' ,t' ,p') problem, for all (h',n',t',p') e 
Af{h, n, t, p). Then the ^?£(h', n'. t', p') problem is solvable in the subcollection Cq 
ofJ'Z , for all (h',n',t',p') G A/'(h,n,t,p). 



Most of the remainder of the paper is given to proving a restricted version of this 
theorem. Here we state the restricted version and show how Theorem 5.8 follows 

from it. 

Theorem 5.9. Let (h, n, t, p) be a positive 4-partition, let I be a recursive set and 
letA,B, Hi,i e /, groups, with fixed presentations given, such that theQ£{h.',n', t',p')- 
prohlem is solvable in the indexed set of groups {A,B) U [Hi : i G /), for all 
(h', n', t', p') G A/'(h, n, t, p). Let H = A* B and let s = r™, where r £ H is cycli- 
cally reduced, not a proper power in H, l{r) > 2 and m > 6. Set G = H or G = 
H/N , where N is the normal closure of s in H . In the latter case assume further 
that G is not in any way exceptional of type E(2, *, m). Then the QSih.' , n', t', p')- 
problem is solvable in {G, A, B) U {Hi : i G I), for all (h', n', t', p') e J\f{h, n, t, p). 



Proof of Theorem 5.8. Assume that Theorem 5.9 holds and set N = n, t, p). 
Suppose that C is a subcollection of the collection for which it has been shown 
that if the hypotheses of Theorem 5.8 hold then the ^i?(h, n, t, p)-problcm is solv- 
able in C. Given any (h', n', t', p') G A/" we have A/'(h', n', t', p') C A/", so the 
hypotheses of Theorem 5.8 hold for (h', n', t', p') instead of (h, n, t, p). Hence the 
QSlh.' , n', t', p')-problcm is solvable is solvable in C. In particular it suffices to show 
that the QEih., n, t, p)-problem is solvable in Cg~. 

Assume then that the hypotheses of Theorem 5.8 hold. First we shall prove the 
following. Let I be a positive integer and (^i, . . . , Bi, . . . , B/) U {Hi : i E I) be 
an indexed set of groups all of which belong to J^. For i = 1, . . . , Het = Ai*Bi 
and let Ni be a subgroup of satisfying either 

01. Ni = le H^,i or 

02. Ni is the normal closure of r^' in H^ i, where G H^ i and rrii > 6 is an 
integer such that H^,^i/Ni is an Wj-torsion one-relator product which is not 
exceptional of type E{2, *, m). 



34 



A.J. DUNCAN 



Set Gi — Ht:^i/Ni, ?■ = !,...,/. Then the Q£{h' , n', t', p')-problem is solvable in 

{Gi,...,Gi,Au...,Ai,Bi,...,Bi)U{m:t&I), 

for ah (h',n',t',p') €Af. 

The case I = 1 follows from Theorem 5.9. Assume inductively that the result 
holds for some Z — 1 > 1. Then the Q£{h' , n', t', p')-problem is solvable in 

{Gu...,Gi-i,A^,...,Ai,Bu...,Bi)^{Hi:i&I), 

for all (h',n',t',p') G jV. Using Theorem 5.9 again the ^£(h', n', t', p')-problem 

is solvable in 

(Gi, . . . , Gi, Ai, . . . , A;, Si, . . . , 5;) U : z e /), 

as required. 

Now let be integers, k > 2 and let Ais, ■ ■ ■ , Ai^. belong to !F, for 

i = 1, . . . , n. Define H^:,i = *{Ai,j : j = 1, . . . and let Ni be a subgroup of Ht:,i 
satisfying Ol or 02, for i = 1, . . . n. We shall show that, if Gi = H^^i/Ni, then the 
Q£{h', n', t', p')-problem is solvable in 

(Gi, . . . , G,, . . . , ^„,i J U (5i : i e /), 

for any recursive set I and groups Bi of !F, and for all (h', n', t', p') e Af. 

The case h = 2 for all i is covered by the argument above. Using induction on 
~ 2) we assume that k > 2, for some i. Without loss of generality we may 
assume that i = 1 and set 

Hi I = Ai,2 * ■ ■ • 

The inductive hypothesis implies that the (Jf (h', n', t', p')-problem is solvable in 

{Hi -^,G2,...,Gn,Ai^i,...,An,iJ U (B, : i e /), 

for all (h',n',t',p') G Af. As Gi = * i?^ J/iVi, it follows from Theorem 5.9 

that the Q£{h', n', t', p')-problem is solvable in 

(Gi, G2, . . . , G„, ^1,1, . . . , J U (Si : i e /) 

and so in particular in 

(Gi, G2, . . . , G„, . . . , ^„,i J U (Bi : i e /), 

for all (h', n', t', p') G Af, as required. 

Now let i? be a recursive set and let X be a set of groups, indexed by R, all of 
which belong to Cq . Then we can write R = J U K, where J and K are recursive 
sets, and there exists an element Bj of JF, for all j G J, and Gfc of but not to 

for all k & K, such that 1 — {Bj)j^j U GkkeK- Thus there exist recursive sets 
I, Xk C I and groups Hi, H^^^k and TVfe, such that = ^i^x^Hi, with k G K, 
Hi & Gk = H^^k/Nk, where i?*,fc, A''^ and G^ satisfy Ol and 02. Suppose that 

The equation Q associated to z has environment 

(5.2) {{Xk)keK, ({i})jej; {Hi)iei, {Bj)j^j; {Gk)keK, {Bj)j^j)^ 
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and we may assume, after reordering if necessary, that z and Q have basis {ki , . . . ,ki,j 
where ki € K and ji € J. From Lemma 3.1 a solution to Q with environment (5.2) 
determines a solution to Q with environment 

{X',^,...,Xi^,{n}...,{jl,}; 
(Ht)tei',Bj^,...,Bj^,; 
(5.3) G'fc^ , . . . , , , . . . , Bj^, )^ 

and the same basis, where supp((5) — {X'f.^, . . . tX'j^^, {ji} . . . , {jV}), I' = X[.^ U 
• • • U X'f.^ and is defined in (3.8). Conversely a solution to Q with environment 

(5.3) is a solution to Q with environment (5.2). By construction G'j, = H'^ i../N[, 
where H'^ ,^, N[ and G-, satisfy Ol and 02. Hence (n, t, p) e £-genus(z) if and only 
if there exists a solution to Q with environment (5.3). We may determine whether 
or not Q has a solution with this environment if we can solve the Q£(h., n, t, p)- 
problem in 

(5.4) (G'fe^ , . . . , G'fcJ U (if, : i e /') U (B,, , • • • , B,,,). 

Since N'j, is either trivial or the normal closure of a single element, it follows that 
X'j^^ is finite, for s = 1, . . . ,L Hence, from the previous case, the ^£(h, n, t,p)- 
problem is solvable in (5.4) and the Theorem follows. 

Corollary 5.10. Let (h, n, t,p) he a positive A - partition and let T he a collection 
of group presentations with solvahle Q£-prohlem. Then the Q£-prohlem is solvahle 
in the subcollection Cq of J^Z ■ 

Proof. This follows from Theorem 5.8 and Lemma 5.6. 

Corollary 5.11. Let T he the cyclic groups. The Q£ problem is solvable in . 
That is in free-products and d-torsion one-relator products which belong toCg , with 
cyclic factors. In particular the Q£ -problem is solvable in recursively generated free 
groups. 

Proof. The -problem is solvable in since each instance reduces to a system 
of linear Diophantine equations, congruences and inequalities. The result follows 

from Corollary 5.10. 

Corollary 5.12. Let A and B be groups such that the Q£-problem is solvable in 
{A, B). Let G = A*B/N be a d-torsion one-relator product of A and B, for d>Q, 
which is not in any way special of type E{2, *, d). Then the Q£ -problem is solvable 
in (G, A, B) . In particular, if zi, . . . ,Zk are elements of A*B and C is a consistent 
parameter system in {Ai, . . .} then there is an algorithm to decide whether or not 
there are integers ni , . . . , nfe and elements Xi & A* B such that 

(i) 

k n+t k+2t+p 

Y^x'^z^'Xi Yl_ [xi,Xi+t] Xi=l, in G and 

i=l i=k+l i=fe+2t+l 

(ii) there is a solution to L with Xi = Ui, i = 1, . . . ,k. 
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6. Pictures 

Let A and B be groups and to > 2 an integer and set H = A*B. Let and Xg 
be CW-complexes with 7ri(X^,a;^) = A and TTi{Xg,XB) = B, for some xa G X'^ 
and Xb G X^. Let O = A oi O = B and let eo be a copy of the unit interval [0, 1]. 
Form the quotient space Xq of Xq U eo by identifying xq and 1 £ eo- Form the 
quotient space Y of U by identifying e and G es to a point p. Then 
7ri(y,p) = //. 

Fix a word r € H with Z(r) > 2, such that r is not a proper power in H. 
Let s = r™, N{s) = {{s))" and G = H/N{s). Suppose that s = ai6i---a„5„, 
when written in normal form for the free product. Let Ag be a closed unit disk 
with oriented boundary divided into 2n intervals. Label the intervals consecutively 
ai,bi,. . . , a„, bn, so that 9As, road from a suitable starting point in the direction 
of orientation, is labelled s. Form the quotient space Z of y U by identifying 
dAg with a path in {Y,p) representing s G -ff, according to the label of dAg. Then 
7ri{Z,p) = G. Alternatively, let G = H and define Ag = p G Y , so that Z = Y and 
ni{Z,p) = G again. 

Let S be a compact surface and let / : S — > Z he a, continuous map satisfying 
the following properties. 

51. f is transverse to the midpoint c of Ag and the closure of /~^(int(As)) is a 

regular neighbourhood of f~^{c). 

52. f is transverse to p on Eq = S\/^^(int(As)) and f~^{eA U bb) is a regular 
neighbourhood of f~^{p) in Sq. 

Let r = f~^{As). Then (/, F) is a sketch on E over G (with respect to Z) which 
we refer to merely as F, when the meaning is clear. A connected component of the 
closure of /~^(int(As)) is called a vertex of F and the set of all vertices is denoted 
V(F) or just V. Condition 51 implies that V consists of a collection of embedded 
disks in int(E), each of which is a regular neighbourhood of a point of /~^(c). If 
G = H then V = 0. A connected component of f~^{p) is called an arc of F and the 
set of all arcs is denoted A = A{r). Condition 52 implies that A consists of a set 
of properly embedded 1 submanifolds of Sq. 

A connected component of dv\{L}e : e G .4,}, where v G V, is called a vertex 
comer of F. A component of 9S\F is called a boundary comer of F. The closure 
of a connected component of E\F is called a region of F and the set of regions is 
denoted 7?,(F) or TZ. Every vertex and boundary corner belongs to a unique region 
of F. 

Now suppose that S' is a connected component of S and define F' = E' n F. If 
E' is orientable we may choose consistent orientations of each region and vertex of 
E'. We call such a choice an orientation of F'. If /3 is a boundary component of E' 
then an orientation ( of F' gives rise to a unique orientation C(/?) oi (3. Similarly 
the orientation of regions induces an orientation on dv., which we denote C(^^^^)) 
for all t; e V. Thus C(^''^) is the opposite of the orientation induced on dv by the 
orientation of f . If ^ is a sub-interval of a corner c of F then there is a unique 
orientation C,{1) of I induced from the orientation of the boundary component (of 
E' or u e V) to which c belongs. 

If E' is non-oricntable then we choose an orientation for each connected com- 
ponent of i9E', for each connected component of dA, for all regions A of F', and 
for dv, for all vertices v of F'. To each vertex v we assign the orientation opposite 
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Figure 1: The orientation of the boundary is shown outside and the orientation of 

the vertex inside: s = abed. 



to that chosen for dv. CaU the coUection of these orientations ( an orientation 
of r'. Let I be a sub-interval of a corner c of F'. Then c belongs to a boundary 
component /? of E' or to the boundary /? of a vertex. The orientation ({jS) induces 
an orientation of I which we call ({I). 

We now fix an orientation for F' for all connected components E' of S. We 
call these orientations an orientation of F and denote this by (. Wc refer to the 
orientation induced on y by ^ as C(2/)) whenever y is an appropriate subset of S. 

Let (/, F) be a sketch on E with orientation (. We define a labelling function /' 
from corners of F to as follows. Let c be a corner of F with orientation ({c) and 
let q be the closed path /(c) in F. If c meets an arc of F then g is a directed path 
based at p. In this case we define the label /'(c) of c read in the direction C(c) to 
be the element of H represented by the based directed path q. If c does not meet 
an arc of F then we choose a base point x on c and regard g as a directed path 
based at f{x). Since c meets no arc of F, the path q lies in Y\p and we may choose 
a path a from p to x such that int(Q!) lies in Xa or Xb- Then the directed path 
aqa~^ represents an element g of A (j B. The label of c, read in the direction of 
orientation <^(c), is defined to be g. If c read in the direction ^(c) has label w then 
the label of c read in the direction opposite to C(c) is w~^. 

Definition 6.1. The sketch F endowed with the orientation C and the labelling 

function /' is called a picture on E over G. 

A picture over G = H may be regarded as a picture over G = H/N{s), having no 
vertices. Conversely a picture over G = H/N{s) with no vertices may be regarded 
as a picture over H. If u is a vertex of F and a; is a point of dv n {Ue : e G A} 
then the label of v with base point x is the word of H obtained by reading off the 
labels of corners of v in the order they occur whilst travelling once round dv, from 
X in the direction C^{dv): where the label of each corner c is read in the direction of 
orientation induced from that of Q{dv), namely ((c). Since f{dv) = dAg we have: 
PI. the label of v (with any base point) is a cyclic permutation of s^, where e = ±1. 

The orientation ( on dv induces an orientation on f{dv) = dAg. If this is the 

same as the fixed orientation of dAs then we may take e = 1 and we say that v 
is a positive vertex (with respect to (). Otherwise we take £ = — 1 and say v is 
a negative vertex (with respect to Q, as shown in Figure 1. Similarly, if /3 is a 
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connected component of dT. or a connected component dA, for some region A of 
r, let a; G /? n {Ue : e € -4(r)} or, if /3 consists of a boundary corner meeting no 
arc of r, let x be the chosen base point of this corner. Then the label of (3 with 
base point x is the word obtained by reading once round /3, from x in the direction 
of C(/3)- When reference is made to the label of such (3 it is to be assumed that a 
base point has been chosen. The boundary labels of a region A are the labels of the 
connected components of dA. 

As a consequence of properties 5*1 and 5*2 and the definitions above a picture T 
on S satisfies the following properties P2 PA. 

P2. Let A be a region of F with boundary labels d\, . . . , dn- Then either di S A, for 
i = 1, . . . , n, in which case A is called an A-region ot di G B, foi i = 1, ... ,n, 
in which case A is called a B - region. 

P3. Let O = Aoi B and let A be an O —region, with boundary labels di, . . . , d^^ 
which is homeomorphic to the connected sum of an n-punctured sphere with t 
torii and p projective planes. Then there exist elements Wi, . . . , w„, Xi, . . . ,Xt,yi, . . . ,yt, Zi, . . . , Zp G 
O such that 

n t p 

(6.1) ni^''^'] n^»^ = 

i=l i=l i=l 

in O. 

P4. If a is an arc of F then a separates an ^-region from a B-region. 
Conversely properties PI to P4 characterise pictures. 

Lemma 6.2. Let be a compact surface and let F consist of 

(i) a finite collection V of disjoint closed disks in int{T,) (called vertices); 
(a) a finite collection A of disjoint connected properly embedded 1-submanifolds 

o/ So = S\ Uvev int{v) (called arcs); 
(Hi) regions and corners and an orientation C, defined as in the case of the 

sketch above; 

(iv) a labelling function /' from corners o/F to AuB, which respects orienta- 
tion, and a collection of labels defined as for pictures above. 
IfV satisfies PI to P4 then T is a picture on S over G. 

We define the genus of a compact connected surface E, with k boundary com- 
ponents, to be genus(S) = (2 — x(5]) — k)/2. The genus of a disconnected compact 
surface is defined to be the sum of the genera of its connected components. 

An arc of a picture, which is not a closed curve, both ends of which meet dT, is 
called an arc of type I. Let A be a region of F. Then we define 

t{A) = number of arcs of F in dA, 

/3(A) = number of components of [9S\{arcs of F}] fl OA 

= number of boundary corners of A, 

p(A) = number of components of [F\{arcs of F}] n dA 

= the number of vertex corners of A, 

7(A) = number of components dA meeting no arc of F 

e(A) = number of arcs of F in dA meeting no vertex of F 

= the number of arcs which are closed curves or of type I in dA. 
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If x(A) = 1 and t(A) = 2 then we call A collapsible. 

6.1. Boundary intervals. Let /3 be a connected component of 9E, with orien- 
tation ^, and let 61 , . . . , 6„ be n points occuring consecutively around f3 (read in 
the direction of C{P))- We call (61, . . . , 6„) a boundary partition of /3. The closed 
intervals [bi, bi+i] of /3, for z = 1, . . . , n (subscripts modulo n) are called boundary 
intervals of f3. The boundary interval has length \[bi,bi+i]\ equal to the 

number of connected components of [bi,bi+i]\T. (The fej's do not have to belong 

to rn/3.) 

Let £ be a consistent system of parameters and z ~ Y[i=ii^i^ "^O ^ F{H^). The 
boundary partition (61, ... , fe„) is said to £ admit z if (with subscripts modulo n) 

(i) = 1, for all i such that l{hi) = 1, 

(ii) = l{hi Arui), for all i such that {hi,mi) is degenerate and 

(iii) \[bi, = qil{hi) + ki, for some fc^, qi (LT, such that > and £ implies 
that rui = fci( mod l{hi)), for all i such that l{hi) > 1 and {hi,mi) is 
non-degenerate. 

If a is a solution to C, the boundary partition (&i, . . . , 6„) £-admits z and [6^, 
maps to a path in Y representing a{hi,mi), then we say that [6i,6j+i] has label 
a{hi,mi) and prime label {hi, mi), for i = 1, . . . ,n. In this case the label of (3 is 
a{z) and we say that /? has prim,e label z with partition (61, ... , 

Let (n, t, p) be a positive 3-partition of (n, t, p) of length A;, with n = (n\ ,nk) 
etc.. We shall say that a surface has type (n, t, p) if it is a disjoint union of compact 
surfaces S^, i = 1, . . . ,k, such that has boundary components, genus ti +Pi/2 
and is orientable if Pi = 0. In this case, if F is a picture on Si U • • • U we 
say that T has partitioned boundary labels list {u\,..., Un) if the boundary labels of 
r n Si are m^^+i, . . . , u^j.+rii , for i = 1, . . . , k, where fXi is defined as above. 

Now with H = A* B and G = H/N{s) or G = H as above, let (h,n,t,p) be 
a positive 4-partition, z a special element of {H^, jC, n,h) and a a solution to C. 
Suppose that F is a picture on a surface of type (n, t, p) with partitioned boundary 
labels list {a{zi), . . . , a{zn))- Then we may choose a boundary partition bj for the 
boundary component Pi labelled a{zi) such that b, £-admits Zi. Then /Jj has prime 
label Zi with partition bj, for all i. 

Definition 6.3. Given such boundary partitions we set b = bi, . . . , b„ and say 
that F has boundary partition b and prime labels z with partition b. For ease of 
notation we write a{z) for {a{zi), . . . , a{zn))- 

Definition 6.4. Let a be a boundary arc and let x be an endpoint of a on 9S. 

Then x meets 2 distinct boundary corners: denote the closures of these corners by 
Ci and C2. If int(ci U C2) contains a point of a boundary partition then a is called 
an H^-arc. A vertex incident to an iJ^-arc is called an -vertex. The sets of 
if^-arcs and il'^-vertices of F are denoted by Ab and Vb, respectively. 

Definition 6.5. A boimdary interval with prime label a minor letter is called 
a minor boundary interval. A minor boundary interval with label of exponential 
length at least 1 is called a partisan boundary interval. The boundary components of 
S containing partisan boundary intervals arc called partisan boundary components. 
A region of F containing a partisan boundary interval in its boundary is called a 
partisan region. 

For future use we record the following result. 
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(a) A'' non-orientable (b) N orientable 

Figure 2: 




(a) Confluent (b) Not confluent 



Figure 3: ~ r "* denotes a cyclic permutation of r 



Lemma 6.6. The number of -vertices o/F is at most 2Wi (see (3.15)). 

Proof. Traverse each boundary component of dH once in the direction of orientation 
Q counting iJ^-vertices as they occur. 

6.2. Bridge moves and vertex cancellation. Let Ui and U2 be vertices of a 
picture F, with orientation Q, and let e be an arc with end-points x\ and X2 on 
Ui and M2, respectively. Let iV be a regular neighbourhood of wi U U2 U e. If is 
orientable let C,e be an orientation of N . If Ce(ui) = C(^i)) fo'^ both i = 1 and 2, or 
Ce(wj) 7^ C{ui), for both i — I and 2, then set 5=1. Otherwise set 5 = —1. If N is 
non~oricntablc set 5=1. The latter occurs if ui = U2 and N is homcomorphic to a 
Mobius band (see Figure 2(a)). For i = 1, 2 set = 1 if Mi is positive and Si = —1 
if Ui is negative. 

Definition 6.7. If 5e\e2 = —1 we say that ui and U2 are e-confluent. 

Thus wi and U2 are e-confluent if / preserves orientation i^e on precisely one of 

dui and du2. Figure 3(a) shows a pair of e- conflucnt vertices, with ei = 5 = 1 
and £2 = —1. Figure 3(b) shows a pair of vertices which are not e-confluent, with 
£2 = 5 = —1 and ei = 1. 
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Figure 4: Cancelling vertices 



If wi = U2 and a regular neighbourhood A'' of ui U e is non-orientable then m is 
e-conflucnt to itself, as in Figure 2(a). On the other hand if N is orientable, as in 
Figure 2(b), then m is not e-confluent to itself. 

In the above setting let Wi be the label of Ui with base point Xi (so Wi is obtained 
by reading in the direction opposite to ({ui)). If W1W2 = 1 in H then ui and U2 are 
said to be vertices which cancel (see Figure 4). A picture with no pair of distinct 
vertices which cancel is said to be reduced. 

Suppose that ui and U2 cancel. If ui and M2 are e-confluent then we may assume, 
without loss of generality, that ei = 6 = 1 and £2 = —1, that Wi = r™ and W2 is 
a cyclic permutation of r"™, so is a cyclic permutation of r™. Suppose that 
r = rori and = (riro)™. As ui and U2 cancel and 6 = 1 we have 

(ron)™ =wi= w^^ = (nro)™. 

It follows that has periods A = min{|ro|, |ri |} and I. From [16, Section 3, Propo- 
sition 1] it follows that r™, and hence r, has period d = gcd(A, I). By assumption r 
is not a proper power so this cannot happen unless d = I and A = 0, in which case 
= r". 

Now suppose that ui and U2 cancel but are not e-confluent. Without loss of 
generality we may assume that £1 = £2 = ^ = 1, that wi = r™ and that W2 = 
rir™~^ro, where r = rori. We have 

so r\ = = 1. It follows that r has a cyclic permutation xUyU~^, where x,y G 
AU B, with a;2 = = 1. That is G is of type E{2, 2, m). 

Now suppose that a and b are distinct arcs of F and that 7 is the image of an 
embedding of [0, 1] in S with one end-point on a and the other on b such that 
7 n F = {a, b}. Then 7(7) is a closed path in {Xo,p), for O = A or B. If 7(7) is 
nuUhomotopic, then after a homotopy (constant outside a regular neighbourhood 
of 7) we may assume that 7(7) = p. A further homotopy can be effected to 
make 7(7) = xq, resulting in a new picture, as shown in Figure 5. We call the 
transformation from the original to the new picture a bridge move. 

If u and V are a pair of distinct vertices which cancel then we can perform bridge 
moves on arcs incident u and v, as shown in Figure 6, to increase the number of 
arcs joining u to v. Repeating such bridge moves we obtain a picture in which all 
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Figure 5: A bridge move 




\ 

Figure 6: Bridge moves on a pair of cancelling vertices 

arcs incident to u arc incident to v, in which case we call u, v and their incident 
arcs a floating dipole: see Figure 7. An arc c of F such that c is a simple closed 
curve bounding a disk D with mt{D) fi F = is called a floating arc. 

If C is a simple closed arc in S\F and one component of E\C is a disk Co such 
that F n Cd is a floating dipole or floating arc then /(C) is nuU-homotopic in Y. 
Performing a homotopy, constant outside Cd U C, we may replace / by a map such 
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that fiCo) = xo, where O = A or B. Therefore we may form a new picture on S 
by removing all arcs and vertices of Cd n T from F. We call this operation removal 
of a floating dipole or arc. We consider the equivalence relation ~ generated by 
the relations (i) (iii) below on the set of pictures on a surface E, with n boundary 
components with fixed boundary labels ui, . . . ,Un G H. Suppose F and F' are such 
pictures on S over G. Then F ~ F' if F' is obtained from F by 

(i) an isotopy of S, 

(ii) a bridge move or 

(iii) removal of a floating dipole or floating arc. 

Definition 6.8. A picture is efficient if it has fewest arcs in its equivalence class. 

It follows that an efficient picture is reduced, since otherwise we can perform 
bridge moves on arcs incident to a pair of vertices which cancel until a floating 
dipole is produced. Removal of the floating dipole results in a picture with fewer 
arcs, contrary to efficiency of the original picture. 

Let g and n be fixed integers and wi , . . . , u„ fixed elements of H. Consider the 
set T of all pictures over G on surfaces with n boundary components and genus at 
most g, with bomidary labels mi, . . . , u„. 

Definition 6.9. A picture in T is said to be minimal if no other picture in T has 
fewer arcs. 

Minimal pictures are efficient and efficient pictures are reduced. In general it is 
not the case that reduced pictures are efficient or that efficient pictures are minimal. 

Proposition 6.10 ([7]). Let T be a minimal picture over G on a surface S. Then 
no arc ofT is closed curve. 

Proof. Suppose that c is an arc of F and a closed curve. The closure of S\c has 
2 boundary components Ci and C2 corresponding to c. Form a new surface Si by 
capping Ci with a disk, for i = 1,2. Then T\c is a picture on Ei, since /(c) = p & Z. 
The genus of Si is no more than that of S and r\c has the same boundary labels 
as F, but fewer arcs. This contradicts the minimality of F. 
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Proposition 6.11 ([7]). LetT be a minimal picture overG on a compact connected 
surface S. Then x(^) > x(S); for all regions A o/F. 

Proof. Suppose that A is a region such that x(^) < Let Eq = S\int(A) 

and let Oq, ■ ■ ■ be the connected components of Sq. Then x(^) < x(^) = 
x(So) + x(A) = EtoX(^») + X(^)- Therefore > 0, so Q, is a disk or a 

sphere, for some i. As S is connected this means that fli is a dislc with fi^ fl A = C, 
where C is homeomorphic to S^, for such i. Let Cl' be a regular neighbourhood 
of fli and let F' = F n O'. Then fl' is a disk and the boundary of fl' lies in A. 
Hence the boundary label of F' is an element u oi A (j B such that m = 1 in G. As 
the Preiheitssatz holds for G ([16]) it follows that u = 1 in ^ or B, as appropriate. 
Thus we may replace F' with the empty picture on il' without altering S or the 
boundary labels of F. This contradicts the minimality of F. 

6.3. Parallel arcs and the graph of a picture. Given two arcs ai and 02 of a 
picture F such that either 

(i) ai and 02 bound an annulus S with int(S') n F = or 

(ii) there are corners ci and C2 of F such that ai, 02, ci and C2 bound a disk 
A with int(A) n F = 0, 

then ai and 02 are said to be parallel arcs. There is an equivalence relation on the 
set of arcs of F generated by the parallel relation on arcs. The equivalence class 
of an arc a is called an edge of F, denoted a. If an edge consists of d parallel arcs 
we say that it has width d. We form the graph F of F on S as follows. Collapse 
each vertex of G to a point to give a vertex of G. Collapse each class of arcs a 
onto a: the resulting arcs are the edges of f , except for any that are closed loops 
(meeting no vertex of F) and these are discarded. In addition there is one vertex 
on dT, wherever an edge of F meets 9E. If e"*" is one end of an edge e of F then 
the end points of arcs of F which are identified to form e"*" comprise an end of the 
class of arcs corresponding to e. If a is a class of arcs with at least one end on the 
boundary then we say that a is a boundary class. Otherwise a, is an interior class. 
An arc of F with both ends on 9S is called an arc of type I. An edge of F which 
is the image of a class of arcs of type / is called an edge of type I. We define the 
degree of a vertex w of F to be the degree of the corresponding vertex in the graph 
f , that is deg{v) = number of classes of arc incident to v. 

If a is an arc of an edge e and a is incident to vertices u and v then u and v are 
a-conflucnt if and only if they are 6-confluent for all arcs b of e. In this case we 
say that u and v are e-confluent. 

The following facts are established in [16]. A word said to have period 

A if Xi+\ = Xi, for all i such that 1 < i < n — A. 

Lemma 6.12. Assume G is not of type E(2,*,m). Let vertices ui and U2 of a 
picture F over G be joined by an edge e of width k. Assume either that F is reduced 
and u\ and U2 are distinct or that F is minimal. Then k <l — 2. 

Proof. The ends of e determine subwords si and S2 of the boundary labels wi and 
W2 of u\ and W2, respectively, with l{s\) = l{s2) = k — 1. Suppose first that ui 
and U2 are e confluent. Without loss of generality we may assume that ei = 5 = 1 
and £2 = —1 (with the notation of Definition 6.7). Then si is a cyclic subword of 
r™, S2 is a cyclic subword of r~"* and = si (see Figure 8). Therefore r"* has 
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Figure 9: N after cutting along arc ab 



identical subwords si and . We may assume that si is an initial subword of r™. 

Then begins ro.s^^, where tq is an initial subword of r of length Z(ro) = A > 0. 
As r is cyclically reduced in A * i? it follows that A is even. We may also assume 
that X < 1/2 (otherwise reverse the roles of si and S2). If fc > Z — 1 this implies 
that the union of si and S2 is an initial subword of r™ of period A. If A > then 
A > 2 so l{s2) + X > I and then it follows that r™ has periods A and I. Hence, 
from [16, Section 3, Proposition 1], r™ and also r have period d = gcd(A, I). This 
cannot occur as r is not a proper power. Therefore A = and si and s^'^ coincide 
as subwords of r™. In this case, if ui ^ U2 then m and U2 cancel. As F is reduced 
this is a contradiction. 

On the other hand, if A = 0, ui = U2 and ui is e- confluent to itself then a 
regular neighbourhood of mi U e is homeomorphic to a Mobius band. In this case 
we can perform bridge moves on arcs incident to u\ and outside e to form a class 
containing all arcs incident to ui. We illustrate this diagrammatically: suppose 
A^ is as shown in Figure 9. Cutting along c and pasting together both copies of 
a and b we obtain the diagram of N shown in Figure 10. Clearly the number of 
arcs incident to the upper and lower halves of the vertex in this diagram are equal 
and so we may perform bridge moves as claimed. The result is shown in Figure 
11. Since the dotted boundary of this diagram has trivial label we may remove u\ 
and all its incident arcs from A^, leaving a picture on E with the same boundary 
labels as T but fewer arcs. This contradicts minimality of F. Thus if ui and U2 are 
e-confluent then k < I — 2. 
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Figure 10: N after cutting along c and pasting a and b 




Figure 11: N after performing bridge moves 



Now suppose that ui and U2 are not e-confluent and that k > l — l. Without loss 
of generality we may assume that si = S2 = S and that si is an initial subword of 
r™. Then S2 is a cyclic subword of and si is identically equal to s^"'^, as a word 
in A* B. Again we may assume that r™ begins roS2 = U, with l{ro) = A < 1/2. 
If si has even length then si and S2 begin with letters of different groups, so A 
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(a) paired vertices (b) vertex u paired 

u and V to class of arcs e 

Figure 12: 



must be odd. Similarly if Z(si) is odd then A must be even. As fc > Z — 1 we have 
l{si) > I — 2 and 1{U) = l{s2) + X > I — 1. We may write si = rot, where S2 = tr\, 
since A < Z — 2 < l{si). Hence s\ = s^^ implies t = and ro = rf ^. Hence 
U = roS2 = rotrQ^ , where t = t~^, so t is of odd length and its middle letter has 
order 2. Therefore U = VyV~^, for some V. If 1{U) = 1 — 1 then r = VyV~^x and 
G is of type E{2, *, to), a contradiction. Suppose /([/) > I. We have = VyV~^W 
and we may write V = VqxUq, where x € A\i\ B, KUoyllg^) =1 — 1 and l{Vo) > 0. 
Hence has a cyclic permutation xUoyUQ^x~^Vf^^WVo which must have period 
I. Again a contradiction arises as a; = and G is of type E{2, 2, m). 

Definition 6.13. A picture F on a surface S is called minimalistic if the following 
conditions hold. 

(i) No arc of F is a closed curve. 

(ii) x(^) ^ x(^a), whenever A is a region of F and Sa is the connected 
component of S containing A. 

(iii) No interior edge of F has width more than I. If G is not of type E{2, *, m) 
then no interior edge has width more than 1 — 2. 

From Proposition 6.10, Proposition 6.11 and Lemma 6.12, minimal pictures are 
minimalistic. The converse does not hold in general. 

6.4. Routes and distance. If u and v are vertices incident to a region A satisfying 
p(A) = /3(A) = 2, x(A) = 1, t{A) = 4 and £(A) = 0, as shown in Figure 12(a), 
then u and v are said to be paired. If e is a class of arcs having both end points on 
dE and eOdA^tD, where A is a region satisfying p(A) = 1, /3(A) = 2, x(A) = 1, 
t{A) = 3 and e(A) = 0, as shown in Figure 12(b), then u and e are said to be 
paired. 

A route in F, from xi to x„, is a sequence xi,. . . , Xn, where Xi is a vertex or a 
class of arcs such that the set {xi,Xi+i} consists either of 

(i) two vertices which are joined by an arc or 

(ii) a vertex and a boundary class of arcs paired to that vertex or 

(iii) two vertices which are paired. 
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for i = l,...,n. Let li ~ {i : boundary class of arcs} and h = {i '■ 

Xi and Xi+i are both vertices}. The length of the route is then + |?2|- A route 
in f is defined to be the image of a route in F under the quotient map F — > f . A 
route is simple if Xi ^ Xj, for all i ^ j. 

If S is a subset of V then a vertex v is said to be distance d from S if the length 
of a shortest route from t; to a vertex of S is d. If there is no route from u to a 
vertex of S then the distance of v from S is defined to be cxd. If e is a class of arcs 
that is paired to a vertex then the distance of e from S is d+ 1, where d is the 
minimum of the distances from S of the vertices paired to e. 

6.5. Pictures and equations. The correspondence between solutions of quadratic 
equations and pictures is given in the next three results. 

Theorem 6.14. Let ui, . . . ,Ufe be elements of H and let t,p be non-negative inte- 
gers. Then there exist elements wi, . . . , Wk+2t+p S H such that 

k t p 

(6.2) ^ = n K^'^i^i '[[[Wi+k,Wi+k+t] n '^i+k+2t = 1 e G 

if and only if there exists a picture T over G on a surface S, of genus t + p/2, 
orientable if p = 0, with k boundary components which have labels Ui, . . . ,Uk ( with 
respect to some orientation of dY,). 

Proof In the notation of Section 2, let F = F{D U X) and q = g(0, k, t,p). Then 
S(g) is the connected sum of a fc-punctured sphere with t torii and p projective 
planes, and so has genus t + p/2 and is orientable if p = 0, and has boundary 
components /3i, . . . , /3fe with labels di, . . . ,dk, respectively. 

Suppose a picture (/, F) with orientation ( exists on a surface E of genus t+p/2, 
orientable if p = 0, with boundary components /3i, . . . , /J^ having labels ui, . . . ,Uk- 
Assume first that S is connected. Then S is homeomorphic to E(q') and we may 
choose this homeomorphism 6 : T,{q) — >■ S so that the boundary component /Jj is 
mapped to so that the base point of (3i is mapped to a base point of Pi and so 
that the orientation of Pi is the same as that induced by 0{Pi)- By construction T,{q) 
is a quotient of the disk D with boundary dD labelled q, so f oO can be regarded 
as a map from D to Z. Then / o 9\d]j maps each labelled interval of dD to a path 
in Y representing an element of H. Let </> be the map from F to H induced by 
f oO\gn on the labelled intervals of dD. Then (p maps the boundary label q of D 
to an clement of H representing the identity of G. Furthermore 4>{di) = Ui, for 
i = 1, . . . ,k and <p{xi) = Wi G H, for i = 1, . . . ,k + 2t+p, and it follows that w = 1 
in G, as required. 

Suppose now that S has connected components Ei, . . . , E„, for some n > 2. We 
may assume that Ej is the connected sum of a /cj -punctured sphere with tj torii 
and Pj projective planes where kj > 0, X^J^i = Si=i *i ~ * ^^'^ ^j=i Pj ~ P' 
Let the boundary labels of F^ = n F be Ui^ , • • • , , where ii < ■ ■ ■ < ik^ ■ The 
argument above implies the existence of elements Wij , Xij , yij , Zij G H such that 

kj tj Pj 

n '^ij^'^i^'^ij Hl^iJ^yij] n 4 = 1 e G, 

i—1 i—1 i—1 

for j = l,...,n. The equality (6.2) follows after some rearrangement of these 
equations. 
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Conversely, suppose that there exist Wi in H satisfying (6.2). Let F, q and T,{q) 
be defined as above, where ^{q) is a quotient of a disk D with boundary label q. Let 
di and Xi be the oriented sub intervals of dD labelled di and Xi, respectively. For 
5 G let 5 be a closed path in {Y,p) representing g. Define a map fg : dD — > Z 
by fd{xi) = Wi and fd{di) = Ui. As tz; = 1 in G the map fg maps dD to a path 
which is miUhomotopic in Z and so extends to a map / : D — > Z. As fg is 
identical on any two intervals of dD which are identified in forming S(q'), / factors 
through S(q') and we may regard / as a map from E(g') to Z. We may make / 
transverse to the mid point c of A,, with a homotopy which fixes dT,{q). A further 
homotopy ensures that each component of the closure of /~^(int(As)) is a regular 
neighbourhood of f~'^{c). Let Eq = E(g)\/-i(int(A^)). Then / restricted to d^o 
is transverse to p and so there is a homotopy of /, relative to 9Eo, to a map which 
is transverse to p on Sq. Therefore we may assume that / gives rise to a sketch T 
on T,{q). Extend the orientation of the di^s to an orientation of regions and vertices 
of T,{q). (This can be done consistently if S((j) is oricntablc.) Let f{di) = Ui and 
define /' on vertex corners as in the definition of a picture. Then (/, F) is a picture 
on S over G with boundary labels ui, . . . , Ufc, as required. 

Corollary 6.15. Let (h, n, t,p) he a positive 4--partition, C a consistent system 
of parameters and z an element of (if^, £, n, h). Then the triple (n, t,p) € £- 
genus{z) if and only if there exists a solution a to C and a minimalistic picture F 
on a surface of type (n, t, p) with partitioned boundary labels list {a{zi), . . . , d(^„)). 

Proof. Given a solution {(f), a) to Q = Q(z, £, n, t, p) we have (p{q{^j,nj,tj,pj)) = 1 
in G; for J = 1, . . . , /c. It follows, from Theorem 6.14, that there exists a picture Fj 
over G on a surface Sj of genus tj +pj/2, with rij boundary components labelled 
(f){d^.+i), . . . ,(p{d^j+nj)- If Tj exists then there also exists a minimalistic picture 
satisfying the same conditions, so wc may assume that Tj is minimalistic. As 
{4>,a) is a solution to Q, 4>{d(^^+i) = aj3{d^.+i) = 6t{z^^+i), for all z,j. The picture 
F = Fi U • • • U Ffc on El U • • • U Sj, therefore satisfies the given requirements. 

Conversely, given a solution a to C and a picture F on a surface S as described, 
suppose that S has connected components Si, . . . , S^, where has genus tj -\-pj/2 
and Uj boundary components labelled a{z^-+i), . . . ,a(z^.+nj 

). Let Fj- = F n Sj 

and qj = q{^j,nj,tj,Pj) and define (3j : F{LD{qj}) — > H" by 4(c^e,,+i) = ai^^ij+i), 
for j = 1, . . . ,k and i = 1, . . . ,nj. Then, from Theorem 6.14, F^ gives rise to a 
solution (f)j to {qj = l,/3j). Define (p : F{L{q)) — > H by (p{xi) = 4'j{xi), for 
^j + 1 < i < £,j + rij + 2tj +pj and 4>{d^^+i) = d(2;^j.+j), for 1 < i < rij. Then {(j), a) 
is a solution to Q. 

Definition 6.16. Let (h, n,t,p) be a positive 4-partition, C a consistent system 
of parameters and z an element of {H^,C, n,h). Let a be a solution to C and 
F a picture on a surface of type (n, t,p) with partitioned boundary labels list 
(q;(zi), . . . ,d(z„)). Then we say that (q;,F) corresponds to the solution (</), a) of 
(5(z,£, n, t,p) constructed in Corollary 6.15. The pair (a,F) is called exponent- 
minimal if it corresponds to an exponent-minimal solution {(f>, a) to Q(z, /!, n, t, p). 

When there is no ambiguity we refer to F, rather than (q;,F), as exponent- 
minimal. Observe that if an exponent-minimal picture with prime labels z exists 
then a reduced (or efficient or minimal) exponent -minimal picture with the same 
prime labels also exists, because all pictures in an equivalence class and in T have 
the same boundary labels. 
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Figure 13: A picture of type square-1 with base D{2, 3, 1, 2) 



7. Corridors 

Let (h, n, t, p) be a positive 4-partition, C a consistent system of parameters, z 
a special element of [H'"^, £, n, h) and a a solution to C. From now until further 
notice we assume that F is a picture on a surface of type (n, t, p) with prime labels 
z, labelled by d(z) and with boundary partition b = . . . , bwi)- 

Let D be the disk [a, a + 1] x [0, 1] C M^, where a > is an integer, and let 
Xo,yQ,X\ and j/i be non-negative integers with Xi > Q, i = 1,2. Define a set 
D{xo, xi, yo, yi) of distinguished points of D to be 

(i) (a, i/iyo + 1)), for i = 1, . . . , yo; 

(ii) (a+ l,i/{yi + 1)), for i = 1, . . .,yi; 

(iii) (a + {i/{xo + 1)), 0), for i = 1, . . . ,xo and 

(iv) [a + {i/{xi + 1)), 1), for i = 1, . . . , a;i. 

A picture To over G onDis said to have type square-0 (with base r>(l,l,0,0))ifri5 

has no vertices and one arc {1/2} x [0, 1]. A picture Td on D is said to have type 
square-1 with base D{xo,Xi,yo,yi) if xo,xi,yo and yi are non-negative integers 
such that xq, xi > 0, xo + xi + yo + yi = ml, Td has one vertex v and Td has ml 
arcs each beginning at a point of dv and ending at one of the distinguished points 
of D(xo, xi, 2/0, 2/i)- A picture of type square-1 with base £'(2,3,1,2) is shown in 
Figure 13. 

A picture F^ over G on D is said to have type square-2 with base D{xo, xi,yo, yi) 
if the following conditions hold. 

(i) XQ,xi,yo and yi are positive integers such that yo,yi > 3 and Xq + xi + 

yo + yi < 2to^ — 1. 

(ii) Tjj has 2 vertices Vq and Vi and ml + {xq + Xi + yo + 2/i)/2 arcs. F^j has 
one non-empty class of arcs joining vo to Vi and F/j has a;, arcs joining Vi 
to distinguished points of D on [a, a + 1] x {i}, for i = 1,2. 

(iii) There are integers r,, i = 0, 1 such that < Vi < yi and F^ has rj arcs 
joining Vi to distinguished points of {a + i} x [0, 1] and yi — Ti arcs joining 
v\-i to distinguished points of {a + i} x [0, 1]. 

A picture of type square-2 with base -D(4, 5, 7, 6), ro 3 and ri = 2 is shown in 
Figure 14. A picture of type square-j is called a square-picture of type j, where 
j = 0, 1 or 2. An arc e of a square-picture meeting [a, a + 1] x for i = or 1 is 
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Figure 14: A picture of type square-2 with base -D(4, 5, 7, 6) 




Figure 15: 



called a lateral arc of the picture. An arc e of a square-picture of type 2 incident 
to both vertices is called an internal-lateral arc. 

A square-picture {fD,^D) comes equipped with a labelling function /]-,, from 
corners of To to AU B. Since wc wish to map square pictures into arbitrary 
pictures in such a way that the intervals {[a+{k/{xi + l),a+{{k + l)/{xi + l)]x {i}) 
correspond to boundary corners of T we now refine this labelling function. We 
redefine the label of the corner cq = {{a} x [0, l/(?yo+l)])U([a, a+(l/(.To + l))] x {0}) 
setting fc{[a,a + (l/(xo + 1))] x {0}) = 1 and fjj{{a} x [0, l/(yo + 1)]) = the 
original label of cq. Similarly, we redefine the labelling function on the corner 
Cl = ({a} x [yo/(yo + 1), 1]) U ([a, a + + 1))] x {1}) so that the subintcrval 

[a,a+ (l/(a;i + 1))] x {1} has trivial label and the defining property of boundary 
labels of regions of pictures is preserved (see Figure 15). We say such a labelling 
function on Tjj is left- trivial. If is of type all labels are trivial so any labelling 
function is left-trivial. UTd is not of type then, since a regular neighbourhood 
of an arc of Fd maps to a contractible subset of Z, we may achieve a left-trivial 
labelling by a homotopy of fu fixing all of D except for the components of D\Td 
meeting cq and ci. We shall henceforward assume that square-pictures have left 
trivial labelling functions. 



52 A.J. DUNCAN 




Figure 17: 



If D is the disk [a, b] x [0, 1], where a, 6 G Z, < a < 6, we define Dc to be the 
disk [c, c + 1] X [0, 1], for c G Z, a < c < b. We define a sum of pictures of type 1 to 
be a picture Td on the disk D = [a, b] x [0, 1], where 

(i) 6 - a > 1, 

(ii) Tn f] Dc IS a picture of type square-0 or square-1, for a < c < 6 — 1, and 
there is at least one c in this range such that F^) fl is a picture of type 
square-1 and 

(iii) if TdCiDc has base Dc [xq ,xi,yo, yi] then TnCiDc+i has base Dc+i [x'q , x[ , yi , y[] , 

for a < c < b - 2. 

For j = or 2 we define a sum of pictures of type j similarly except that in 
condition (ii) all pictures must be of type square j and if j = 2 then the following 
condition must also hold. 

(iv) If 6 — a > 1 then Td has the form shown in either Figure 16 or 17 (where 

all the edges shown contain at least one arc). 

Given a sum of square-pictures Td on D = [a,b] x [0, 1] we set r£)(c) = Fd fl Dc, 
for o<c<6 — 1. A sum of square-pictures on [a,b] x [0, 1] is said to have width 

b — a. The lateral and internal-lateral arcs of the square-pictures making up a sum 
of square-pictures are called lateral and internal-lateral arcs, respectively, of the 
sum. 
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Figure 18: 



Let D = [a,a+ 1] X [0, 1] and let F^) be a square-picture of type j with base 
D(xo,xi.yQ,yi) on D. Suppose j > 0. If j = 1 let vq be the vertex of Tjj. If 
j = 2 let Vi be the vertex of Ftj incident to [a, a + 1] x {i}, for i = 0, 1. Let uq be 
the arc joining vo to (a + l/{xo + 1), 0). Travelling clockwise around dvo, starting 
from the cndpoint of ao, let ai be the first arc encountered which docs not meet 
{a} X [0, 1]. If j = 1 then ai connects vq to (a + l/{xi + 1), 1). If j = 2 then oi 
connects vq to vi. In the latter case, travelling clockwise around dvi, starting from 
Oi, let a2 be the first arc encountered which docs not meet {a} x [0, 1]: so a2 joins 
vi to (a + l/{xi + 1), 1). The label of Vi, read from an appropriate starting point 
in a clockwise direction, is r'^*™, where 6i = ±1, for < i < j — 1. The label Wj on 
the subinterval of dvi, read clockwise, from to ai^i is then a subword of r''»™, 
for < i < j — 1. Let Oj, pi and CTj be non-negative integers such that pi < m, 
Oi < l{r), (Ji < l{r) and Ui = T{r^' ,Oi){r^')PH{r^* ,ai), for < i < j — 1. In cases 
j = or 1 define Si = Oi = pi = ai = 0, for j < i <1. 

Definition 7.1. The left interior marking of Fj^ is the sequence 

So, oo, Po, cro, Si, oi, pi, (Ti. 

For example suppose that, in Figure 18, r = ab, m = 4 and the label on vq read 
clockwise from oq is (a6)'*. Then Td has left interior marking 1,0,1,0,0,0,0,0. 
Again, in Figure 19 suppose r = ab, m = 7, the label of vq read from ao is {bay 
and the label of vi read from ai is {a~^b~^y. Then Tjj has left interior marking 
1,1,1,1,-1,1,2,0. 

Let D = [a, b] x [0, 1] and suppose that there exists a map p. : D — > S and 
boundary intervals Po and Pi of F satisfying the following properties. 

(i) p is injective on D\({0, 1} x [0, 1]); 

(ii) cither p is injective on {0,1} x [0,1]) or p{a,t) = p{b,t) or p{a,t) = 
p{b,l-t), for all t e [0,1]; 

(iii) as n p{D) = p{[a, b] x {0, 1}) and p{[a, b] x {i}) c Pi, for i = 0,l; 

(iv) p{{c} X [0, 1]) is transverse to F and meets no vertex of F, for c G Z with 
a < c<b. 

Then we call p a binding map (on D) between Po and Pi. Now suppose that Pi 
is not a partisan boundary interval, for i = 0,1, and that no arc of F contained in 
p{D) is an H^-aic. Let (/r>, F£)) be a sum of square-pictures of type j on D, with 
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Figure 19: 



left-trivial labelling function /jj, and let = B. Let co,ci be the left-hand 

corners of D defined above and in addition let ci = {{b} x [0, l/(yi + 1)]) U ([6 — 1 + 
(a;o/(xo + l)), b]x{0}) and cg = ({6} x + l])U([6-l + (,xi/(,xi + l)), 6] x{l}). 

Recall that / is the map from S to Z described in the definition of picture. 
Assume that niTn) =T (IB and 

(i) f\fj,{c)) = f\j{c), for all corners c of F^i except cq, ci, C2 and C3, 

(ii) f{fi{[a, a + {l/{xi + 1))] x {i})) is nuUhomotopic, for i = 0,1, and 

(iii) di = — 1 + {xi/{xi + 1)), 6] x {i}) C c-, where c- is a boundary corner 
of r and f{c!j\di) is nuUhomotopic, for i = 0,1. 

Then C = {D,Td,^i) is called a j -corridor of width b — a with binding map /i 
binding Pq and Pi . In this case = F n IJ.{D) is a picture on B and we call S the 
image of C. The images iJ,{x) of arcs a; of the picture To are called arcs of C. If 
/i(a, = t) or /i(a, t) = 1 — t), for all t € [0, 1], then all arcs of C are arcs 
of F. Otherwise, given an arc x of F^i, the arc ^{x) of C is an arc of F if and only 
if x does not meet {a, b} x [0, 1]. Nonetheless it is convenient to refer to ^{x) as an 
arc of C, for all arcs x of F/^ . A corridor of width 1 is called a compartment. The 
left interior marking of rank s of the corridor C is defined to be the left interior 
marking of Tois), for all s such that a < s < b — 1. 

If e is a lateral arc, or internal -lateral arc, of To then /i(e) is called a lateral 
arc, or internal-lateral arc, of the corridor {D,rD, fi). If C = {D,rD,fi) and 
r^, /It') are corridors with identical sets of lateral arcs then we say that C 
and C" are equivalent and this is an equivalence relation on the set of corridors. If 
C and C" are equivalent then /x' is homotopic to a map /u" such that ^i"{D') = IJ.{D) 
and {D',T'^,n") is a corridor equivalent to C. If C = {D' ,T'jy, n') is a corridor 
such that {lateral arcs of C"} C {lateral arcs of C} then C" is called a sub-corridor 
of C. lia<c<d<b and D' = [c, d] x [0, 1] then the map ji' = ii\d' is called 
the binding map induced from fj, on D' and the corridor {D' ,T d' , iJ) is called the 
sub-corridor induced from [D, V £>, /i), denoted C[c, d\ or C[c], if c + 1 = d. If C is 
corridor and is not a sub-corridor of any corridor of greater width then we say that 
C is a maximal corridor. Obviously two corridors are equivalent if and only if each 
one is a sub-corridor of the other. If C = {D,T£i,^) and C" = {D' ,T £,1 , ji') are 
corridors, with images B = n{D) and B' = ijl'{D'), we call B H B' the intersection 
of C and C, denoted CnC, and if B n 7^ we shall say that C and C overlap. 
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Definition 7.2. Choose one representative from each equivalence class of maximal 
j-corridors of F, where j = or 1. These corridors and the sub-corridors induced 
from them are called designated corridors of F (of type and 1). 

(We defer the definition of designated 2-corridor until later.) We may always 

choose the maximal designated corridor (_D,Fi3,/i) such that D — [0, c] x [0, 1], for 
some integer c. In the absence of any explicit statement to the contrary it is to be 
assumed that all corridors are designated corridors. 

If {D,Td,IJ') is a maximal 0-corridor then Td consists of arcs from a class of 
arcs of type I. If two distinct designated maximal 0-corridors overlap then we may 
choose different representatives of the two equivalence classes of corridors (see Fig- 
ure 20) which do not overlap. We assume then that maximal designated corridors 
do not overlap. If two distinct designated maximal 1-corridors overlap but the in- 
tersection contains no arc or vertex then, as in the type case, we designate different 
representatives which do not overlap. We may assume then that the intersection 
contains an arc or vertex. If the intersection contains a vertex then it contains the 
lateral arcs incident to this vertex. After performing a homotopy if necessary we 
have two maximal corridors whose intersection contains a compartment. Therefore 
we may extend each corridor to contain all compartments of the other. Since the 
original corridors are maximal they must be equivalent, contradicting uniqueness 
of representatives. If the intersection contains an arc but no vertex then this arc 
must be the unique lateral arc of a compartment of type 0. The same argument 
applies in this case. Hence we may assume that maximal designated 1-corridors do 
not overlap. 

Maximal 2-corridors require further analysis. To begin with we shall, from now 
on, call the 2-corridors defined above simple 2-corridors. For ease of reference we 
shall also refer to corridors of type and 1 as simple: so simple j-corridors and j- 
corridors are the same thing, for j = 0, 1. Let C = {D,Td, jj,) be a simple 2-corridor 
and let (S,Fb) = (/i(D),F n /x(-D)). Then the vertices of F^ together with those 
arcs of F whose closure is contained in B map to a subgraph C of F on E, which we 
call the graph of C. The images of lateral and internal-lateral arcs of C are called 
internal and internal-lateral edges, respectively, of C. Let C = {D',Td',^') be a 
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simple 2-corridor. Then C is a sub-corridor of C if and only if C* C C". Moreover, 
if ^{D) n n'{D') contains an arc a then every arc equivalent to a also belongs to 
n ^j!{D'). Hence H fJ.'{D') contains an arc if and only if (7 n C" contains 
and edge. Suppose now that C and C" both bind boundary intervals Pq and Pi. 
If (7 c C" and both C and C have width 1 then clearly C and C are equivalent. 
Suppose next that C C C' , the width of C is 1 and the width of C" is at least 2. 
Assume further that the graph C meets Pi at a point Xi, let Ci be the edge of C 
incident to Xi and let Ui be the vertex of C incident to e,, for z = 0, 1. (See Figure 
21.) As C C C" the vertices Ui also belong to C". There are two possibilities. 

(i) The internal lateral edge of C joining uq and ui is an internal-lateral edge 
of C". In this case C is equivalent to a compartment of C . 

(ii) The internal-lateral edge of C joining uq and Ui is not an internal -lateral 
edge of C' . Therefore either uq or ui is joined to a vertex of C" by an 
internal-lateral edge of C' which is not an internal-lateral edge of C. Sup- 
pose that Wo is joined to vertex wi of C' by an internal-lateral edge of C" 
which is the image of a class of arcs in a compartment C'[j] of C". Then 
ui is a vertex of compartment C'[j — 1] or C'[j + 1] of C" (see Figure 22). 
In this case C is not equivalent to any compartment of C . The case ui 
joined to a vertex of C by an internal- lateral edge of C is similar. 

In general if (7 C C" then without loss of generality we may assume that 
D = [0, c] X [0,1] and D' = [0, c'] x [0,1], for some integers c and c'. If the 
compartment C[0] is equivalent to a compartment of C (as in case (i) above) then 
C is equivalent to a sub-corridor of C". If, on the other hand, C[0] is not equivalent 
to a compartment of C (as in case (ii) above) then no compartment of C is equiva- 
lent to a compartment of C". (This follows by induction starting with the case (ii) 
above.) In this case C is a sub-corridor of C but equivalent to no sub-corridor of 
C and we say that C is diagonal to C. By definition, if C has width at least 2 and 
is diagonal to C" then C" has a sub-corridor which is diagonal to C. For example, 
consider Figure 23, which shows the graphs of two corridors C C C": the edges of C 
are shown solid, whilst those of C'\C are dashed. The internal-lateral edges of C 
are shown diagonal whilst those of C' are vertical. Thus the left hand compartment 
of C meets the boundary at a and d whilst the right hand compartment meets it 
at c and e. The sub-corridor of C between b and c is diagonal to C. We say that 
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simple 2-corridors Co and Ci , both binding boundary intervals Pq and Pi and both 
of width c, are diagonally-equivalent if there is a sub-corridor of Cj of width c — 1 
which is diagonal to Ci_i, for i = 0, 1. 

If C2 is a corridor of width 2 then there is a unique equivalence class of compart- 
ments diagonal to C2. This is a consequence of condition (iv) for sums of pictures 
of type 2. It follows that if Co is a corridor diagonally-equivalent to a corridor Ci 
and if C\ is diagonally-equivalent to a corridor C2 then Co and C2 are equivalent. 
In particular if Co and Ci are corridors diagonally-equivalent to a corridor C3 then 
Co and Ci are equivalent. 

Lemma 7.3. Let C and C he maximal simple 2-corridors. 

(i) If a simple suh-corridor of C is equivalent to a suh-corridor of C then C 
and C are equivalent. 

(ii) If a simple suh-corridor ofC is diagonal to C then C and C are diagonally- 
equivalent. 

Proof. 

(i) If some sub-corridor of C is equivalent to a sub-corridor of C then there 
is a corridor C" containing all compartments of C and C . Then both C 
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and C" arc sub corridors of C" and, as C and C" arc maximal, C" is a 
sub-corridor of them both. Hence C and C are equivalent to C" . 
(ii) Assume that some sub-corridor Cg of C is diagonal to C . Choose p < 
q such that Cg = C[p, q] is maximal in this respect and write Cg = 
{Ds,Ts, lis)- As Cg is maximal among sub-corridors of C diagonal to C, 
either there is a vertex of /L<(rD(p — 1)) which is not a vertex of ij,'{Td>) or 
p = 0. Similarly, either there is a vertex of iJ,{TD{q)) which is not a vertex 
of /u'(r£)/) or g = c. If both p = and q = c then C is a sub -corridor of 
C" and the width of C is necessarily greater than that of C, contrary to 
maximality of C. Thus either p > or q < c. Assume first that p > and 
that there is a vertex of ^{Toip — 1)) which is not a vertex of ^'{Vd')- 
Since the vertices of /x(r£)(p)) belong to different compartments of C", it 
follows that one of the vertices of ^{Td{p ~ 1)) belongs to a compartment 
of C (and is joined to a vertex of nijp)) by an internal-lateral arc of 
C"). Hence one vertex of [lij^u^ — 1)) is contained in /z'(rD'). If p > 2 
it is therefore possible to extend C to a wider corridor by adjoining one 
vertex of \i{J^ri{p — 1)) and one vertex of \i{Vu{p — 2)). This is contrary 
to the maximality of C" and so if p > then p = 1. A similar argument 
shows that \i q < c then g = c — 1. Now if p = 1 and g = c — 1 then it 
follows that C" is a sub-corridor of C, so C and C are equivalent, contrary 
to hypothesis. Hence either p = 1, g = c or p = 0, g = c — 1. It follows 
that the width of Cg is one less than that of C and that the compartment 
of C not in Cg has precisely one vertex in C" . As C" has a sub corridor 
diagonal to C the same holds on reversing the roles of C and C". Thus C 
and C are diagonally-equivalent. 

Prom the proof of the second part of the above Lemma it follows that if C and 
C" are diagonally equivalent then C' contains exactly one vertex and one lateral 
edge not in (7, and vice-versa. 

Given that C = {p,Vu,\j) and C = (D' jFjj' , n') are diagonally-equivalent 
simple 2 corridors we define the sum C + C" to be (D U D', F/j U F/)/ , /i U /i') and 
call this an extended 2-corridor, extending C and C . The set of lateral arcs of 
an extended 2-corridor C + C is the union {lateral arcs of C} U {lateral arcs of 
C"}. We define the set of suh corridors of the extended 2-corridor E = C + C 
to be the union of {E} with the sets of sub-corridors of C and C". (We shall not 
need to consider extended corridors as sub-corridors of other extended corridors.) 
If _E = C + C" is an extended 2 corridor then we define the graph of E to be 
E = C U C' and the image of E to he B U B' , where B and B' are the images of C 
and C, respectively. By the remark following the Lemma above E has one more 
lateral edge than both C and C". 

We define the set of 2-corridors to be the union of the set of all simple 2-corridors 
and the set of all extended 2-corridors. We extend the equivalence relation defined 
on simple 2-corridors by defining 2-corridors C and C to be equivalent if they 
have the same lateral arcs. As graphs of simple 2-corridors have an even number 
of lateral edges, graphs of extended 2-corridors have an odd number of lateral 
edges and so no simple 2-corridor can be equivalent to an extended 2-corridor. A 
2-corridor C is maximal in the set of 2-corridors if C is equivalent to C", for all 
2-corridors C such that {lateral edges of C} C {lateral edges of C'}. If E and 
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E' are 2-corridors with images B and B' , respectively, then we say that E and E' 
have intersection B D B' and that they overlap \{ B r\ B' ^ %. 

Lemma 7.4. Let E = Co + C\ he an extended 2-corridor where Co and C\ are 
diagonally-equivalent simple 2-corridors. Then the following hold. 

(i) If E is maximal as a 2-corridor then Co and Ci are maximal simple 2- 
corridors. 

(ii) if E = Co + C[ then C\ is equivalent to C[. 

Proof. Let Cq and Ci have width c. 

(i) Let Cj- be a maximal simple 2-corridor containing Ci, i = 0, 1. Then Co 
is a sub-corridor of Cq diagonal to C[. From Lemma 7.3.(ii), Cq and C( 
are diagonally-equivalent. Hence wc may form the sum Cq + C(. As £" is 
maximal it is equivalent to Cq + C(. If e is a lateral edge of Cq\Cci this 
implies that e is a lateral edge of Ci\Co. As Cq and Ci arc diagonally 
equivalent there is only one such edge. However, if Cq is wider than Co 
then it must contain at least 2 more lateral edges than Cq. Hence Cq and 
Co are equivalent. A similar argument applies to Ci. 

(ii) There is a unique vertex v of E which belongs to Ci but not Cq. Therefore 
V is the unique vertex of E which belongs to C[ but not Cq. Hence Ci and 
C( must have the same vertices which implies that they are equivalent. 

Lemma 7.5. Let E and E' be maximal 2 corridors. 

(i) If a simple sub-corridor of E is equivalent to a simple sub-corridor of E' 
or 

(ii) a simple sub - corridor of E is diagonal to a simple sub-corridor of E' 
then E and E' are equivalent 2-corridors. 

Proof. If E and E' are simple 2-corridors then, from Lemma 7.3, (i) follows im- 
mediately and (ii) is not possible. If i? is a simple 2 corridor and E' an extended 
2-corridor then it follows from Lemma 7.4 and Lemma 7.3 with either (i) or (ii), 
that E' is equivalent to E + C , where C is a simple sub-corridor of E', contrary 
to maximality of E. If E' is a simple 2 corridor and E an extended 2-corridor then 
again a contradiction arises. Hence we assume that both E and E' are extended 
2-corridors, say E = Co + Ci and E' = Cq + C[. 

(i) If a simple sub- corridor of E is equivalent to a simple sub-corridor of 
E' then, for some i,j G {0,1} a sub-corridor of Cj is equivalent to a 
sub-corridor of Cj. Prom Lemmas 7.4(i) and 7.3(i) it follows that Cj is 
equivalent to Cj. Thus E = Ci + Ci_i is equivalent to Cj + Ci-;. Hence 
Ci-i is diagonally-equivalent to Cj which is diagonally-equivalent to C[_j. 
It follows that C\-i and C[_j are equivalent and therefore so are E and 
E'. 

(ii) If a simple sub-corridor of E is diagonal to a simple sub-corridor of E' 
then, for some i,j S {0, 1} a sub-corridor of Ci is diagonal to Cj. Prom 
Lemma 7.4(i) and Lemma 7.3(ii) it follows that Ci and C^ are diagonally- 
equivalent. As Ci is diagonally criuivalcnt to Ci_i it follows that Cj is 
equivalent to Ci_i. As in the previous case it follows that E and E' are 
equivalent. 
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Lemma 7.6. Let E — Co + C'i and E' = Cq + C{ be maximal extended 2-corridors. 
Then either E and E' are equivalent or E (lE' C fl Cj, for some i,j e {0, 1}. 

Proof. If E n E' = 9 then the result holds trivially. Suppose then that E and E' 

are not equivalent and that E O E' ^ (!). Note that this implies that the images of 
E and E' are disks (and not annulii or Mobius bands). There is a unique vertex 
Wo of Co not in Ci and a unique vertex ui of Ci not in Co- Similarly, there is a 
unique vertex vq of Cq not in C[ and a unique vertex f i of C[ not in Cq . Fix j = 
or 1: if the vertex vj is not in E then E O E' C .En C[_j. Now if Ui is not in 
C[_j, for i = 0, 1, then EdE' c Cx-i n C'^_y On the other hand if u, e C[_j, for 
i = and 1, then C[_j contains E, contrary to maximality of E. Finally suppose 
that Vj belongs to E, for j = and 1. As E and £" are both graphs of extended 
2-corridors on a disk this implies that E' is a subgraph of E. As E and E' are not 
equivalent it follows that E' is a proper subgraph of E and so E' is not maximal, 
a contradiction. 

Definition 7.7. Choose one representative E from each equivalence class of max- 
imal 2-corridors of F. If £^ is the representative of an equivalence class of maximal 
extended 2-corridors then we call E a designated extended 2-corridor. Correspond- 
ing to each designated extended 2-corridor E choose an ordered pair (C, C") of 
diagonally-equivalent simple 2-corridors such that E = C + C' and say that E has 
foundation C and extension C . If C is the chosen representative of an equivalence 
class of maximal simple 2-corridors or C is the foundation of a designated extended 
2-corridor then we call C and all its induced sub-corridors designated simple 2- 
corridors. We say that a 2-corridor is designated if it is either a designated extended 
2-corridor or a designated simple 2 -corridor. 

We assume from now on that all 2-corridors are designated. In particular if Cg 
is a proper sub-corridor of the extended 2-corridor E with foundation C then, by 
definition, Cg is a sub-corridor induced from C. (Note that if i? is a designated 
extended 2-corridor with foundation C and extension C" then C is a designated 
simple 2-corridor but C is not.) 

Suppose now that E = Cq + Ci and E' = Cq + C[ are maximal designated 
2-corridors, with foundations Co and Cq, respectively. Assume further that E and 
E' are not equivalent. If E and E' overlap then we may assume that the images of 
E and E' are not annulii or Mobius bands and, as in the case of simple 2-corridors, 
that the graphs E and E' have at least an edge in common. Furthermore, from 
Lemma 7.5, no sub-corridor of E is equivalent or diagonal to a sub-corridor of E' 
and, from Lemma 7.6, E f) E' C Ci Ci Cj, for some i,j G {0, 1}. It follows that 
no compartment of Cj is equivalent or diagonal to a sub-corridor of Cj , and vice- 
versa. Therefore Ci n C'j contains a unique edge. Hence the intersection of E and 
E' contains one vertex and one class of lateral arcs (corresponding to the edge of 
Ci f^C'j). Therefore the union of the images of E and E' form a configuration of 
the form shown in Figure 24: in which case we say E and E' form a keel. 

We collect together our conclusions on the intersection of corridors in the follow- 
ing Lemma. 

Lemma 7.8. If C and C are maximal designated j -corridors, j = 0,1 or 2, then 
either C and C do not overlap or j = 2 and C and C form a keel. 

Prom now on all corridors are assumed to be designated. 
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c c 

Figure 24: The unique edge of the intersection is shown as a dashed hne 



7.1. Z— cancellation. Let C = {D,TD,fj,) be a j-corridor, where = 0, 1 or 2 
and D = [0, c] x [0,1], for some integer c. Recall that T has boundary partition 



Wi, 



and suppose that C binds boundary intervals Pq 



and 



b 

Pi — bpj^, where 1 < pi < Wi, that Pi has prime label {hi, fi) and that a(/i) = m^: 
so the label of Pi is /i^ A m^. Taking the point IJ.{{0, i)) to precede /^((c, i)) gives an 
orientation of Pi. If Ci coincides with the fixed orientation C{Pi) of Pi set £i — 1 
and if not set = —1. Fix an integer s with < s < c — 1 and assume that Td{s) 
has base Ds [a^o , 2:1 , yo , 2/i ] ■ The label Wi of the sub-interval of Pi , between the point 
/^((* + j..^]^ ) i)) and the end of the interval Pi, read in the direction of Ci, therefore 
begins with a terminal segment of the word /i^' of uniquely determined length 
such that < < l{hi). We define the left boundary marking of rank s of C to be 
the sequence 

Po,Pi,£o,£i,7'o,7'i- 

The left boundary marking of rank s of an extended 2-corridor E is defined to be 
the left boundary marking of rank s of its foundation. 

Now assume that C above is a maximal simple (designated) j-corridor. Let 
Q < p < q < c and consider the sub-corridor C[p, q\ of C of width p — q < c — 1. 
Suppose that the left boundary marking pQ,pi,eQ,£i,rQ, ri of rank p of C is equal 
to the left boundary marking of rank q of C. Let ^d(j>) have base Dp{xQ, xi,yo,yi) 
and Tjy{q) have base Dq{xQ,x[,y'Q,y[) and let li be the sub-interval 



1 



1 



1 



of [0,c] X {i}, for i = 0,1 (see Figure 25). Then the label of /i(/,;) read in the 
direction Q is a cyclic permutation of (/i^*)"', for some positive integer a^. Assume 
further that the left interior markings of Tjj (p) and F £, (q) are equal (so in particular 
2/0 — y'o)- Under these circumstances we form a new picture F' from F as follows. 
Let T : R2 — > |-,g ^j^g translation defined by 



(7.1) 



T{x, y)^{x-{q- p),y), for (a;, y) e 



Let 5 be a homeomorphism S : Dp 



{p} X [0,l]u[p,p+^-] X {0}u[p,p+^- 
xo + I a;i + 1 



[p, q+ 1] X [0, 1] such that 5* fixes 
x{l} 
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Figure 25: 



and S{{p+ l,t)) = {q + l,t), for all t G [0,1]. Define = [0,p] x [0,1] and 
D'- = [p + i^c - (g - p)] X [0,1]. Consider the triple C = {D' ,Td' , jJ-') where 
D' = [0,c-{q-p)] X [0,1], 

r m - / ifO<i<p-l 

iO'W- I y(p^(.^(^_p))) ifp<i<c-(9-p)-l ' 

m'Id' = f^loh I^'\d^ = ° T~^)\jyr and m'I-D^ = (a* ° '^)|£'p- Then Fd' is a sum of 
square-pictures with left-trivial labelling on the disk D'. Remove ij,{Tjj) from T 
and replace it with /i'(r£)'). Under the given hypotheses this results in a picture 
r' over G on E. The triple C" is, by construction, a maximal simple corridor of T'. 
Furthermore 9+1] X [0,1]) = n'{[p,p+l]x[0,l]) andrn(S\/i([p,g+l]x[0, 1])) = 
r' n (E\/i'([p,p + 1] X [0; 1])). Hence all corridors of F, except C are also corridors 
of r'. We designate C as the representative for its equivalence class of maximal 
corridors in G'. 

Now assume that C is the foundation of a designated maximal extended 2- 
corridor E with extension Gg ■ For example the graphs G and Gg may be as shown in 
Figure 26, where the vertical edg composed of internal-lateral arcs 

of compartments of G and the diagonal edges rfi , . . . , d„ are composed of internal- 
lateral arcs of compartments of Cg. Thus u is the vertex of G not in Ce and v is 
the vertex of Ce not in C. 

Cancellation from ptoq along G results in corridors C" and G'^ which have graphs 
C' and Cg, as shown in Figure 27. The compartments of Gg containing a' and all 
those to its left become compartments of Cg, as does the compartment of Cg con- 
taining b' and all those to its right. In addition G'^ has one compartment containing 
a and q' which replaces all the compartments of Gg between those containing a' 
and b'. Therefore the only compartment of G'g which is not a compartment of Cg is 
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Figure 27: 



that containing vertices a and q' . Note that in C the left interior markings of the 
compartments containing p and q are equal. It follows that the left interior mark- 
ings of the compartments of Ce and Cg containing a are equal. Prom the graph it 
is clear that C" and Cg are diagonal and, since C and C,, arc maximal so are C" 
and Cg. Thus E' — C + C'^ is a maximal extended 2-corridor. We choose E' as 
the designated representative of its class in V and C and Cg as its foundation and 
extension, respectively. 

The formation of T' from T along a corridor C in this way is called Z- cancellation 
along C from, p to q. If C is of type j we refer to Z(j)-cancellation along C, 
j = 0,1,2. We remark that if F' is formed from F by Z cancellation then the 
left interior and left boundary markings of compartments of corridors of F' are left 
interior and left boundary markings of compartments of corridors of F. Also, the 
boundary partition b is unaffected by Z-cancellation, the prime labels of boundary 
intervals are the same in F' as in F and for j ^ pi the boundary interval bj has the 
same label in F' as in F. With the above notation, the label of P, = bp^ in F' is 
hi A (jrij — l{hi)ai), for i = 0, 1. 

Theorem 7.9. If C is a j -corridor, for j = 0, 1 or 2 and C has more than M{j) 
arcs then Z -cancellation is possible along some sub-corridor of C . (M{j) is defined 
in (3.18).) 

Proof. Assume first that C is a simple corridor of width c, C = (£),F£),/x). Then 
^-cancellation is possible if there are integers qo,qi, with Q < q^ < q\ < c, such 
that the left interior marking of C of rank go equals the left interior marking of C 
of rank gi and the boundary marking of C of rank go equals the boundary marking 
of C of rank gi. 
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Let po^pi, ea, ei,ro,ri be the left boundary marking of rank go and let [hp., nip.) 
be the prime label of the boundary interval bp^, for i = 0, 1. Since pi and Ei are 
determined by C then, for all qi with < < c, the left boundary marking of 
rank qi is po,Pi,£o, £i, Sq, Si, for some integers Sq and Si. By definition < rj, Sj < 
l{hi) < W2{z). Hence there are at most W| distinct left boundary markings of C. 
If J = the left interior markings of all ranks of C are identical and the number 
of arcs of C is c. If c > VF| + 1 = M(0) then from the above it follows that 
Z-canccllation along C is possible, as claimed. 

If j = 1 then the left interior marking of rank s of C is S, o, p, a, 0, 0, 0, 0, where 
S e {-1, 0, 1}, o,a e {0, . . . , l{r) - 1}, < p < m and S = o = p = a = Oif and 
only if r£3(s) is of type square 0. Therefore there are at most 3mZ(r)^ distinct left 
interior markings of C. It follows that if C has width c > ■ 3mZ(r)^ + 1 then Z- 
cancellation along C is possible. A square-picture of type has 1 arc while a square- 
picture of type 1 has ml{r) arcs. Hence if C has more that (W|-3mZ(r)^ + l)mZ(r) < 
M(l) arcs then .^-cancellation along C is possible. 

If j = 2 then the left interior marking of rank s of C is Sn,oo, po,ao,di,Oi, pi,ai, 
where 5i = ±1, Oi,ai € {0, . . . ,l{r) — 1} and < pi < m. Therefore there are at 
most 4TO^Z(r)^ distinct left interior markings of C. It follows that if C has width 
c > W| • 4m^^(r)^ + 1 then Z-cancellation along C is possible. A square-picture 
of type 2 has less than 2ml{r) arcs so if C has more that (W| • 4m^Z(r)'* + l)mZ(r) 
arcs then Z-cancellation along C is possible. 

If C is not simple then j = 2 and C has foundation a simple 2-corridor . 
Then C has at most ml{r) more arcs than Cf. Thus if C has more than {W2 ■ 
4m^Z(r)^ + 2)mZ(r) = M(2) arcs then, from the above Z-cancellation is possible 
along and therefore along C, as claimed. 

Prom this Theorem it follows that a Z-cancellation along a j-corridor may be 
achieved by a sequence of Z-cancellations along sub-corridors of width at most 

Definition 7.10. A picture on which no Z-cancellation is possible is called Z- 
reduced. 

Corollary 7.11. If C is a j-corridor of a Z-reduced picture then C has at most 
M{j) arcs. 

Lemma 7.12. Let T he a picture on a surface E of type (n, t, p) with prime labels 
z, labelled by a{z) and with boundary partition b = {hx, . . . ,bwi)- Assume that 
V is obtained from T by Z -cancellation. Then V is reduced if and only if T is 
reduced. Furthermore V is reduced and minimalistic if and only if T is reduced and 
minimalistic. 

Proof. Siippose first that F is reduced. If V has a pair of cancelling vertices u, v then 
these must be adjacent in F' but not in F. Hence u, v belong to consecutive com- 
partments of some corridor C = {D,Tjj,l^) of F' which results from Z-cancellation 
in F. It follows that C must have type j = 1 or 2. As m and v cancel in F' they are 
the images of vertices which cancel in F^j ; so we restrict attention to Fjj and assume 
u and V belong to Tjj. Suppose u belongs to Tnip), v belongs to Tjj{p+ 1) and 
that Dp and -Dp+i have bases Dp{xo,xi,yo,yi) and Dp{xQ, x'l, yi, y'l) , respectively. 
If J = 1 then it must be possible to perform a bridge move on arcs joining u and v 
to + 1] X {i}, for i = or 1. Assume that this occurs for i = and let ao and 
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ai be the arcs joining u to qo — {p + I - j^^,0) and v to qi = {p + 1 + j^,0), 
respectively: then a bridge move is possible transforming qq and ai into arcs 60, 
joining u to v, and bi with end points Qq and qi. However this means that the 
interval [go)?!] of dD has trivial label, contrary to the standing hypothesis that z 
is special. Hence if F^j is of type 1 no such cancellation is possible. 

Now assume that j = 2. If u and v are both incident to [p,p + 2] x {i} then, as 
in the case j = 1, no bridge move is possible on arcs joining u and v to dD. Hence 
u and V do not cancel. We assume therefore that u is incident to + 1] x {0} 
and that v is incident to [p + l,p + 2] x {!}. However no bridge moves arc possible 
now because both regions incident to the edge of Fij joining u to v are triangular: 
a bridge move on the sides of a triangle would result in a trivial label on the corner 
of the triangle opposite the edge joining u to v. Thus no cancellation is possible if 
j = 2. It follows that if F is reduced then F' is reduced. A similar argument shows 
that the converse also holds. 

Now suppose that F is reduced and minimalistic. Then F' is reduced. Regions 
involved in Z-cancellation all have Euler characteristic 1 and both F and F' are 
pictures on the surface S, so the condition on Euler characteristic of regions is 
satisfied by F'. No arc of F' is a closed curve since no such arcs are created in 
the process of Z-cancellation. Suppose that F' has interior edge of width greater 
than 1 — 2. Since F' is reduced it follows from Lemma 6.12 that both ends of this 
edge are incident to the same vertex. No such edge results from the process of Z- 
cancellation so this edge also belongs to F, which cannot therefore be minimalistic. 
It follows that F' is reduced and minimalistic. The converse follows similarly. 

7.2. Corridor— sections. Let F^j be a sum of square-pictures of type j on the disk 

D = [0, c] X [0, 1] and let Wi denote the label of [0, c] x {i}, for i = 0,1, j = 0,1 or 
2. Assume that the following conditions hold. 

(i) There exist integers po,Pi,so,si,to and ti such that 1 < Pi < Wi, the 
Pith letter (hi, fi) of z is not a degenerate letter or a minor letter of H^, 
Si = ±1, < ti < l{hi) and Wi = \ for some ai > 0, and Qi = 
T{hf , ti)L{h^* , l{hi) - ti), for z = 0, 1. 

(ii) T]j has at most M{j) arcs. 

(iii) Let D*^ be the disk [c,c+ 1] x [0,1]. Let Tc be the translation T{x,y) = 
[x + c,y), for {x,y) e M?, and let Td^ = Tc(F£)(0)), a picture of type 
square- j on Dg. Then F^i U F^ie is a sum of square-pictures on the disk 
[0,c+l] X [0,1]. 

Then {T d,Po,Pi,£q, £1, ^o, ii) is called a corridor-section on Yd, of width c, binding 
the poth and pith letters of z, and of type j if F/3 is a sum of square-pictures of 
type j. 

The corridor-section (T d,Po,Pi,£q, £i,to, ti) is said to have left interior marking 
equal to the left interior marking of F/3, left boundary marking the sequence 

Po,Pi,so,ei,to,ti 

and extent the pair(Q:o, cti). 

Let C be a corridor section of width c. The conditions on a corridor-sections 
imply that if < p < c — 1 then a new corridor-section Cp may be formed by 
cutting C along {p} x [0, 1] and then identifying {0,t) with (c, i), for all t G [0, 1]. 
We set C = Cq. The left interior and left boundary markings of Cp are called the 
left interior and left boundary markings, respectively, of C of rank p. Thus the left 
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interior marking and left boundary marking of C coincide with the left interior and 
boundary markings of rank of C. 

Let L denote the set of all corridor sections. As the number of arcs of a corridor 
section is bounded L is finite. Let L have \L\ elements indexed by the integers 
1, . . . , and denote these elements L{1), . . . , For i = 1,. . . , \L\, define the 

quintuple 

L^{i) = {L{i), s{i), t{i), a{i, 0), a{i, 1)) 

where s{i) and t{i) are the left boundary marking and left interior marking, respec- 
tively, of L{i) and {a{i,0),a{i, 1)) is the extent of L{i). Furthermore write 

s(i) = p{i, 0),p{i, 1), e{i, 0), e{i, 1), r{i, 0), r{i, 1) 

for the left boundary marking of L{i). For fixed i with 1 < i < \L\ and each integer 
p with 1 < p < Wi define 

{0, ifpj^p{i,0) a.ndp^p{i,l) 

a{i,0), ifp = p(z,0) andp^p(i,l) 

a{i,l), ifp^p{i,0) andp = p{i,l) " 

a{i,0) + a{i,l), if p = p{i,0) = p{i,l) 

The following lemma follows directly from the definitions above and the remarks 
preceding Theorem 7.9. 

Lemma 7.13. Let C be a j-corridor ofTand let C\p,q\ = {D,Tjj,^) be a sub- 
corridor (of width q — p) with at most M{j) arcs. If Z -cancellation takes place 
along C from p to q and the left boundary marking of C of rank p is t then (F^j, t) 
is a corridor-section of width q—p and type j. Let {Tn,t) = L{i), for some i with 
1 <i < \L\, let r' be the picture formed by this Z -cancellation and let the boundary 
interval bp of T have label hp A mp, for p = 1, . . . , Wi . Then the boundary interval 
of bp in F' has label 

hp A {rup - l{hp)C{p, i)), 

forp= l,...,Wi. 

The ^-cancellation of Lemma 7.13, along C from p to g, where the left boundary 
marking, of rank p, of C is t is called Z-cancellation of corridor-section (F^), f). As 
remarked (above Definition 7.10) any Z-cancellation may be effected by a sequence 
of ^-cancellations of corridor-sections. 

7.3. Z— insertion. Let C ~ {D,Td,ij,) be a maximal simple j-corridor, with D ~ 
[0,c] X [0,1], binding 6^^ and bp^, for pi with I < Pi < W\. Let the left interior 
marking and left boundary marking of of C, of rank p, be s and t, respectively. Let 
{T/\,t) be a corridor section with left interior marking s, where A = [0,^] x [0, 1]. 
Let Tp-.R^ — > M2 a^j^j Tg : — > ^j^g translations defined by Tp{x,y) = 

{x + p,y) and Tq{x,y) = {x + q,y), for {x,y) G M? and positive integers p and q. 
Let Dp have base Dp{xQ,xi,yo,yi) and Aq have base Ao{xq,x'i, yQ,y[). Let S be 
a homeomorphism S : \p,p + q + I] x [0, 1] — > + 1] x [0, 1] such that S fixes 
Wx [0,1], 

S{\p,p+^^] x {i}) = \p,p+^—] X {i}, 

fori = 0,1, a.ndS{{p+q+l,t)) = {p+l,t), for alU G [0,1]. Defined' = [0,p]x[0,l], 
D'^ = \p,p + q + l]x[0,l]andD'- = \p + q+l,c + q]x [0, 1]. 
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Consider the triple C/ = {Di, TdijIJ-i), where Dj — [Q,c + q] x [0, 1], 



r rc(z) fori = 0,...,p-l 

TD,ii)= { Tp(TAii-p)) ioii=p,...,p + q-l 

[ Tg{rD{i-q)) ioT i=p + q,...,c + q-l 



IJ-i\d' = f^loh M/|d<= = (m ° 3)10" and = o ^)\d-- 

Then is a sum of square-pictures with left-trivial labelling on the disk Dj. 
Remove /-J.{Td) from F and replace it with iJ,i(Toi)- This results on a picture F/ over 
G on S. The triple C'l is, by construction, a maximal corridor of F/. Furthermore 



m([p,p+1] X [0,1]) =M/([p,P + (?+l] X [0,1]) andFn(EV([p,P+l] x [0,1])) = 



F/ n (S\/i/([p,p + (7 + 1] X [0, 1])). Hence all corridors of F, except C, are also 
corridors of F/. We designate C/ as the representative for its equivalence class of 
maximal corridors in F/ . Moreover if C is the foundation of a designated maximal 
extended 2-corridor of F then Cj is a maximal simple sub-corridor of a maximal 
extended 2-corridor of F/ (as can be seen by reversing the argument for cancellation 
along extended 2-corridors). In this case C/ is chosen as the foundation of the 
corresponding maximal extended 2-corridor of F/, which becomes a designated 
2-corridor of F/. 

The formation of F/ from F in this way is called Z-insertion of (Fa,^) into C 
at position p. If C is of type j we refer to Z{j) -insertion, j = 0, 1, 2. 

Lemma 7.14. //F/ is formed from T by Z-insertion o/(rA,t) then the left interior 
and left boundary markings of compartments of corridors of Tj are left interior and 
left boundary markings of square- pictures o/Fa or of compartments of corridors of 
F. Also, the boundary partition b is unaffected by Z-insertion and, given that the 
boundary interval bp of T has label hp A rUp, for p = 1, . . . , Wi, then the boundary 
interval of bp in F/ has label 



forp=l,...,Wi. 

The operations of Z-cancellation and Z-inscrtion are inverse to each other in 
an obvious way. To be more precise, let F/ be formed from F by Z-insertion of 
(Fa, t) into C at position p > 1 and let the resulting corridor of F/ be Cj as above. 
Then Z-cancellation of corridor-section (FA,t) along Cj from p to g is possible 
and results in F. A similar statement holds starting with Z-cancellation. 

7.4. The Z-graph. Let L denote the set of corridor-sections of z (indexed by the 

integers 1, . . . , jij as before) and define the left marking, of rankp, of L(i) G L to be 
n^ii^P) = s{i,p),t{i,p), where s{i,p) and t{i,p) are the left interior and boundary 
markings, respectively, of rank p of L{i). Define the left marking of L{i) to be 
m{i) = m{i, 0), let 



i=l 

Let C be a corridor of the picture F and define the left marking, of rank p, of C 
to be s, t, where s and t are the left interior and boundary markings, respectively, 



hp A {mp + l{hp)C{p,i)), 



f^L{i) = {'Ti(i,p) :0<p< width of L{i)} 



and let 



L 
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of rank p, of C . Define the active left markings of F to be those left markings of 
corridors of C which are elements of TOz. 

The Z-graph G{z) of z is defined as follows. The vertices of G(z) are the subsets 
of rriz- There is one directed edge labelled L{i) from vertex R to vertex T corre- 
sponding to each corridor-section L{i) such that L{i) has left marking in R and 
T = RU mL(^i). Corresponding to the picture F is the vertex 

viT) = {active left markings of F} 

of G(z) which we call the initial vertex of F. 

Now, for i — 0, ...n, let F^ be a picture, over G on S, such that F^+i is 
obtained from Fj by Z cancellation of a corridor-section d along a corridor of 
Fj. Assume that F = F„. Then this sequence of ^-cancellations uniquely de- 
termines a path Sn,---,So in G(z), where Si e F(G(z)), S'„ = i'(F), Si = 
Si+i U {left markings of G^} and the edge of the path joining Si+i to Si is la- 
belled Gj. Then Fj is obtained from Fj+i by Z-insertion of Gj. Hence the set of 
active left markings of Fj is the union of the left markings of Gj with the active left 
markings of Fj+i. It follows, by induction, that the set of active left markings of 
To is Sq. 

Conversely, let Sn, - ■ ■ ,So be a directed path in G(z), where Sn — v{T) and the 
edge of the path joining Si+i to Si is labelled Gj. Then Si — S'i+iU{left markings of Ci}. 
Let F„ = F and let m be an integer with n > m > 0. Suppose inductively that 
we have constructed pictures Fj with active left markings 5,, for i = n, . . . , m such 
that Fj+i is obtained from Fj by Z-cancellation of the corridor section Ci, for 
i = n — 1, . . .m. As Cm-i is the label of the edge joining Sm to S„-,-i it follows 
that Sm-i = S'mU{left markings of Cm-i} and that the left marking of G„i_i is in 
Sm = {active left markings of Fm}. Hence we may form a picture Tm-i from F^ 
by Z-insertion of Cm-i- The active left markings of Tm-i are then the left mark- 
ings of Gm-i together with the active left markings of that is Sm-i- Moreover 
as F„i_i is formed from F^ by Z-insertion of Cm-i it follows that r,„ is formed 
from Tm-i by Z-cancellation of Cm-i- Hence the path Sn, - ■ ■ ,Sq determines a 
sequence of ^-cancellations 

To — >■ • • • — >■ r„ = F, 

with Fj+i obtained from Fj by Z-cancellation of Gj and the set of active left 
markings of Fq equal to Sq. 

We have therefore proved the following. 

Lemma 7.15. Let F and F' he pictures over G onH. Then there exists a sequence 

F' = Fo ^ ^ F„ = F, 

with Fi+i obtained from Fj by Z -cancellation of the corridor-section Ci if and only 
if there exists a directed path 

v{r) = Sn,...,So = v{r') 

in G(z) such that the edge joining Si+i to Si is the corridor section d. 

Definition 7.16. Let p = Sn, ■ ■ ■ , So he a directed path in G(z) such that the edge 
joining to Si is the corridor section Gj. Let 

To — > ■ ■ ■ — >■ r„, 
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be a sequence of pictures over G on S with Fi+i obtained from Ti by Z-cancellation 
of the corridor-section d. If w(r„) = Sn then we say that Tq is the picture obtained 
from r„ by Z-insertion following p. If v(ro) = So then we say that r„ is the picture 
obtained from Fq by Z-cancellation following p. 

Lot Q denote tlic quadratic exponential equation Q(z, C,n,t,p) and Qn = 
Q{z, H, n, t, p) the homogeneous equation corresponding to z. Let the qth letter of 

z be (hq, fq), for 1 < g < M^i. 

Lemma 7.17. Let p = Sn,.--,So be a directed path in G(z) with initial vertex 
v{Tn). Let ei, . . . , be the edges of G(z) occuring in p, let L{si) be the label of Ci 
and let Ui be the number of occurrences of ei in p, for i = 1, . . . , t. Let T' be the 
picture obtained from r„ by Z insertion following p. Then the following hold. 

(i) Let an be a solution to Ti. such that (a„,r„) corresponds to a solution to 



Qu and write ruq = Q!„(Ag), for 1 < q < Wi. The boundary interval bq of 
r' has label 



forl<q< Wi. 

(ii) Let a be a solution to £ such that {ct,T') corresponds to a solution to Q. 
Let an ■ M — > Z be the retraction defined by setting 



for all q & {1, . . . ,Wi} such that the qth letter of z, is a proper exponential 
H^-letter, and an(A) = 0, for all other A e A. Then {an, r„) corresponds 
to a solution of Qu- 

Proof. The first part of the Lemma follows from Lemma 7.14. For the second part 

note that the boundary label of bq in r„ is hq A oin{\), for all q (using Lemma 
7.14 again). By definition of .Z-cancellation therefore an(Ag) > 0. Also an{Xq) = 
a{fq) = kq{ mod l{hq)). It follows that (a„,r„) corresponds to a solution to Q-h- 

A picture F such that there exists a solution atoTi and (a, F) corresponds to a 
solution to Q-H will be called a basic picture for (z,£). 

We call a path in a graph with no repeated vertices a simple path and a path 
with initial and terminal vertices identical but no other pair of vertices identical 
a cycle. A cycle of length 1 is called a loop. The path-subgraph of a path is the 
subgraph consisting of all edges and vertices of the path. The directed path p of 
G(z) corresponding to a sequence of Z cancellations contains no cycle of length 
greater than 1 but may contain loops. We call a directed path p in G(z) a Z-path 
if p has no cycle of length greater than 1. The path-graph of a Z-path consists 
of the path-subgraph of a directed simple path together with a (possibly empty) 
collection of loops. Given a directed path p assign weight Wp{e) to each edge of 
G(z), where Wp{e) is the number of times the edge appears in p. We call the edge 
weighting Wp the weighting of the path p. Then there are finitely many directed 
paths in G(z) which have the same weighting as p. We call a weighting of the edges 
of G(z) a Z-weighting if it equals the weighting of a Z-path. Given a Z-weighting 
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w of G(z) the subgraph P consisting of all edges with positive weight (and their 
incident vertices) is the path-subgraph of a Z -path p, every edge of P has positive 
weight and if e has weight greater than 1 then e is a loop. Hence any path p' with 
weighting tz; is a Z-path with the same initial and terminal vertices as p. Given a 
sequence of ^-cancellations the corresponding path p gives rise to a Z-weighting 
of G(z). 

Lemma 7.18. Let po and pi be Z -paths in G'(z) itiith weightings Wp^ and Wp-^, 
respectively, and initial vertex v = v{Tg), for some basic picture Fg. Let Fj be the 
picture obtained from Tg by Z -insertion following pi, i = 0, 1. // Wp„ = Wp^ then 
the boundary interval bg has the same label in Fq and Fi, for 1 < q < Wi. 

Proof. From Lemma 7.17 the boundary labels of Fj depend only on the number of 

occurrences of edges of P in po and pi. As Wpg = Wp^ every edge of G{z) occurs 
the same number of times in po in pi . 

Let P be the path-subgraph of a Z-path in G(z), let ei, . . . , et be the edges of 
P and let L{si) be the label of Ci. Let F^ be a basic picture for {z,C) with prime 
labels z, labelled by as{z), for some solution ag to H. Let X[, . . . be elements of 
A not occuring in z, z or C. Let {kg, fq) be the qth letter of z: so the label of the 
boundary interval bg of Fg is hq A as{Xg), for g G {1, . . . , Wi}. Define the system 
of parameters jC{Ts, P) as follows. 

fg = as{Xq)+l{hq) |^^A^C(9,Si)j , for 1 < « < VFi, 

= 1, if e, is not a loop, 

A- > 1, for i = l,...,i. 

Theorem 7.19. Let P be the path-subgraph of a Z-path with initial vertex v{Ts) 
and let as be a solution to Ti such that {as,Tg) corresponds to a solution of Q-^. 
Then the following are equivalent. 

(i) There exists a solution a to C and a picture T such that (a, F) corresponds 
to a solution of Q and such that Tg is obtained from F by Z -cancellation, 
along some Z-path with path-subgraph P a,nd initial vertex v{Ts). 

(a) There exists a solution ao to CU £(Fs, P). 

Furthermore a and ao may be chosen so that ao{X) = a{X), for all X occuring in z 
or jC. 

Proof. Assume (i) holds and let F^ be obtained from F by Z-cancellation following 
the Z path p, with path-subgraph P. Assume p has edges ei, . . . , Ct, let L{si) be 
the label of ej and let Ui be the number of occurrences of edge Ci in p, i = 1, . . . ,t. 
Then, using Theorem 7.17(i), the label of the boundary interval bg of F is 

(7.2) hq A a{fg) = hgA ^rriq + l{hq) n,C{q, s,) 

where rUg = as{Xq). Define a retraction ao : M — > Z by ao{X) = a{X), for 
A G A\{Ai,...,A4} and ao(A-) = rij, for i = 1, . . . , i. Then ao{fq) = a{fg), for 
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I < q < Wi, since A' does not occur in z. Hence, from (7.2), 



for all i, with equality if Ci is not a loop. Hence ao is a solution of C{Ts,P). As 
ao{X) = a{X), when A ^ {A'^, . . . ,X'^}, it follows that ao is a solution to C and that 
the final statement of the Theorem holds. 

Conversely, suppose there exists a solution ao to £ U C{Ts,P), where P is the 
path-subgraph of some Z-path in G(z) with initial vertex i'(rs). Let P have edges 
ei, . . . , et and let L{si) be the corridor section labelling Cj. Then assigning weight 
rii = ao(A-) to edge of P (and to all other edges of G(z)) gives a Z-weighting 
w of G{z). Let p be a Z-path with path-subgraph P and weighting w: so edge ej 
occm's 'w{ei) = ao(AJ) times in p. Then p has initial vertex Ts- Let F be the picture 
obtained from by Z-insertion following p and let niq = as{Xq), for g = 1, . . . , Wi. 
Then the label of the boundary interval bq in F is 



= hqAaoifq), 

as ao is a solution to C{Ts, P). Thus ao is a solution to £ and the boundary label 
bq of F has label ao{hq, fq): that is (ao, F) corresponds to a solution of Q. 



In the following sections we consider figures showing various sub-configurations 
of a picture F. By convention every region shown in these figures is planar. Solid 
lines incident to vertices represent edges of the graph F. Furthermore a dotted 
line joining two vertices, u and v oi a. figure, represents either a single edge of F 
joining u and ?; or a sequence ao, ci, ai, . . . , c„, a„, where is an edge of f, Ci 
is a boundary corner of F, ai is incident to and Q+i, for i — 1, ... ,n — 1, ao 
is incident to u and ci, a„ is incident to c„ and v and n > 1. If a vertex (or 
region) of a picture F appears as vertex (or region) x in some configuration Y we 
call it a vertex (or region) of type Y{x) or just Y, if the meaning is clear. Not all 
arcs or edges incident to vertices are necessarily shown in the diagrams. In these 
configurations the orientation ( on intervals of dT, is shown by an accompanying 
arrow: for example the orientation of /? in configuration C0~ of Figure 42 is from 
left to right. 

Let (h, n, t, p) be a positive 4-partition of length fc, £ a consistent system of 
parameters, z a special clement of (i?^,£, n, h) and a a solution to £. Let F be 
a picture over G, on a compact surface S of type (n, t,p) with prime labels z, 
labelled by d(z) and with boundary partition b = bi, . . . ,bfc. We assign angles 
to the corners of regions of F as follows. Let /3 be a connected component of (9S 
with boundary partition = (&i+i, . . . , 6;+?;), for some integers I and rj, such that 
[bj,bj+i] has prime label {hj,mj), with l{hj) = dj, j = I + 1, . . . ,1 + r] (where 



\i=l / 

and, in the light of the above remarks about weightings of Z-paths, 

ao(A') > 1, 





8. Angle assignment 
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C 



^^^^^^ 



Figure 28: The angle at c is — — (/)i+fe_i 



Z + + 1 = / + 1). Define 



dj{dj - l)(a(wj) - l)7r 
a(mj)2 



for j = Z + 1, . . . / + 77, 



noting that under the given hypotheses on F the integer a(mj) > 0, for all j. For 
notational convenience we also define <pi{(3) = i = 1,. . . ,7], given (3, I and 7] 
as above. Repeat this for all boundary components of S so that 4>j is defined for 
j = 1, . . . , Wi. If \bj, is a partisan boundary interval then we have = 0. 

We first assign angles to boundary corners of F. Let A be a region of F and 
let c be a boundary corner of A contained in a boundary component [3 of 9S. 
Assume that f3 has boundary partition . . . ,&;+n) and that c meets exactly 

k boundary intervals in this partition. Then there exists a unique integer i such 
that c C [bijbi+i] U • • • U , foi+fe] (where subscripts are taken modulo n and 

lie between I + 1 and I + n). If fc = 1 then assign angle (f){c) = to c. If A: > 1 
then assign angle ^(c) = —(pi — (pt+k-i to c. (Sec Figure 28). 

We now assign angles to vertex corners Let A be a region of F and v a vertex 
meeting i9A on a corner c. If both arcs meeting f at c are incident only to vertices 
we say that c is a corner of incidence 0. If one arc meets the boundary 91] and the 
other arc meets only vertices wc say c is an incidence 1 corner and if both arcs at 
c meet dT, we say c is an incidence 2 corner. 

We consider two cases. 

(i) First suppose that x(A) = 1, p{A) = 1 and /3(A) = 1, (so t(A) = 2 and A 
is collapsible), as shown in Figure 29. Assume that A meets the boundary 
component /3 C 9S, where has boundary partition (6^+1, . . . , bi+n) and 
that dA meets k boundary intervals in this partition. Then there exists a 
unique integer i such that dA fl dT, C 6j+i] U • • • U [bi+k-i,h+k] (where 
subscripts are taken modulo n and lie between l+l and l+n). If fc = 1 then 
assign angle (f>(c) = (f)i to c. If fc > 1 then assign angle (j){c) = (pi + (f>i+k-i 
to c. Note that in the latter case [bj,bj+i] is a partisan boundary interval, 
for j = i + 1, . . . , i + fc — 2, and v is an iJ^-vertex. 

(ii) Now consider all those vertex corners c which do not come into the first 
case above. If c is an incidence i corner we assign an angle of 
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Figure 30: Configuration AA 



to c, where 

r 1, if /3(A) =0; 

E{A)={ /3(A)/(/3(A)-e(A)), ii p{A) > e{A); 

[ (2/3(A) - e(A) + p(A))/2(/3(A) - £(A)), if p(A) < e{A). 

Now we adjust angles on corners of vertices in configuration AA of Figure 30. 
(The arrows indicate the orientation of boundary components.) We adjust the angle 
on the corners of and in A4 and A|, respectively, as well as those on u and 
v^. We make the angle on in A4 equal to 47r/6 and add 7r/9 to the corner of v'^ 
in A4 and 7r/18 to both the corner of u in A4 and in A4. 

Next angles on corners of vertices in configuration AB of Figure 31 are adjusted. 
We adjust the angle 4>{c) from Stt/G to 137r/12 and angles (/'(cj) from 5n/6 to ll7r/12, 
for i = 1,2. 
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Figure 31: Configuration AB 



Finally we make an adjustment of angles assigned to vertices appearing in con- 
figurations AC^ of Figure 32. In configuration of Figure 32(a) the angle on 
the corner of vertex x in A4 is decreased from 47r/3 to Tw/G and the angle on the 
corner of v in A4 is increased from 5tt/6 to tt. Similarly in configuration AC^ of 
Figure 32(b) the angle on the corner of vertex y in A3 is decreased from 47r/3 to 
77r/6 and the angle on the corner of v in A3 is increased from 57r/6 to tt. 

Note 8.1. (i) If p(A) > e{A) then E{A) > 1. If p{A) < e(A) then 

j.(.y_, I { g(A)+p(A) \ 

^^^)-^+U(/3(A)-s(A))j>^' 

as /3 < p + e and E{A) is only defined for regions with p{A) > 1. 

(ii) Suppose c is of incidence 1. Then if x(A) = 1 it follows that p(A) > 2. 
Hence, if c is of incidence 1, the angle at c is at least 7r/2 and is at least 
37r/2 if x(A) < 0. 

(iii) Suppose c is of incidence 2 and not in case (i) of the definition of angle 
above. If x(A) < then </> > 2n. Assume now that x(A) = 1, so p{A) > 1. 
If p{A) = 1 then /3(A) > 2 and £(A) = /3(A) - 1 so > tt. If p(A) > 1 
then again > tt. If p(A) > 2 then > tt. 

(iv) If F has exactly one vertex and S is a disk then every vertex corner falls 
into case (i) of the definition above. We call such a picture a single vertex 
disk (see Figure 33). As minor boundary intervals contribute angles of 
zero, the sum of angles on the vertex of a single vertex disk may be small: 
if all the boundary intervals are minor the angle sum will be zero. 
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(a) Configuration j4C+ 



(b) Configuration AC 



Figure 32: 




Figure 33: A single vertex disk 



Lemma 8.2. Let c be a vertex-corner of a non-collapsible region A and let (j) be 
the angle assigned to c. If xi^) < then either 

i) c is incidence and <j) > n or 

a) c is incidence 1 and (j)>Z-K/2 or 

Hi) c is incidence 2 and (p>2n. 

Proof. The result is immediate, from the definition of angles and Note 8.1. 

Lemma 8.3. Let c be a vertex-corner of a non-collapsible region A and let (j) = 
<j){c). Suppose x(A) = 1 and c is of incidence 0. Then p(A) > 3 and one of the 
following holds. 

(i) A is of type AA{/!\]^), c is a corner of a vertex of type AA{u) and 4> = Ttt/IS 
(see Figure 30). 
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(a) /3(A) = 



(b) /3(A) = 1 



(c) /3(A) > 1, £(A) > 



Figure 34: p{A) = 3 and (/>(c) = 7r/3 



(ii) 



and either /?(A) = e(A) 
/9(A) = 3,4,5 or 6 t/ie^ 
(f) > 57r/7 w/ien /3(A) > 7. 



"V P(A) 

= or < £(A) < /3(A) — 1. In particular if 

p = 7r/3, 7r/2, 37r/5 or 27r/3, respectively and 
(See Figures 34(a), 34(h) and 34(c).) 



Proof. We have p(A) > 3, for otherwise the label on c is trivial or A is collapsible. 
Since (i) follows directly from the definition of angles we may assume that A is 
not of type AA{IV^). Hence ((> > 7r/3. Clearly £(A) = if /3(A) = 0. Otherwise 
as c is incidence and x(A) = 1 it follows that £(A) < /3(A) — 1. The remaining 
statements follow directly from the definition of angles. 



Lemma 8.4. Let a vertex v have a comer c in a non-collapsible region A and 
let 4> be the angle assigned to c. If x(A) = 1 and c is incidence 1 then one of the 
following holds 

(i) (j) = tt/2, p{A) = 2, /3(A) = 1 and e(A) = (see Figure 35(a)). 
(ii) (j) = 27r/3, A is of type AA{A\) and v is of type AA{x^) (see Figure 30). 
(Hi) (f) ^ 57r/6, /?(A) = 3, /3(A) = 1 or 2, e(A) =0, A is not of type AB{A) 
and if A is of type AC~^(A4) then v is of type AC^(ui) and if A is of 
type AC~{A3) then v is of type AC~{u2) (see Figures 35(h), 35(c), 31 
and 32). 

(iv) (f) — ll7r/12, A is of type AB{A) and c is a corner of type AB{ci), i = 1 

or 2 (see Figure 31) or 
(v) (f) — 177r/18, A is of type AA{A\) and v is of type AA{v^), i = 1 or 2 (see 
Figure 30). 



(vi) 4>>-K. 



Proof. 
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As x(A) = 1 we assume 7(A) — (or F is an empty picture on the disk). As c 
is incidence 1, /3(A) > and /9(A) > 2. Therefore 4> > E{A)tt/2 > n/2. If = 7r/2 
then p{A) must equal 2 and i?(A) must equal 1. Since /3(A) > £(A) this occurs 
only if p(A) > £(A) and /3(A) = e(A) + 1 = 1 as required. 

If (/> > 7r/2 then p(A) > 2 or .B(A) > 1. If p(A) = 2 then e(A) = /3(A) - 1. 
Hence if 2 = p{A) > e(A) then E{A) > 1 implies that E{A) = /3(A) = 2 or 3. On 
the other hand if £(A) > p(A) then £;(A) = (/3(A) + 3)/2 and /3(A) > 4. In cither 
case (j) > E{A)'k/2 > tt. 

Now suppose that p(A) > 2. If A is of typo AA(A|) then cither (ii) or (v) 
holds. If A is of type AB{A.) then (iv) holds. If A is not of type AB{A.) but A 
is of type AC'^{Ai) or type AC^{A^) then either (iii) or (vi) holds. Hence we 
may assume that A is not of typo AA{A\), AC+{Aa), AC~ {A^^) or AB{A). Thus 
4> > (1/3 + .B(A)/2)7r > 57r/6. If p(A) > 4 then (j) > (1/2 + E{A)/2)Tr > tt. 
Hence we assume p(A) — 3. Now c is incidence 1, x(A) = 1 and p(A) = 3, so 
£(A) = /3(A) - 1 or /3(A) - 2. If 3 = p{A) < s{A) then 



so <^ > TT. Hence we may assume that e{A) < p{A) and p{A) = 3. 

Now (/) > 57r/6 with equality only if E{A) = 1. We have /3(A) = £(A) + 1 
or /3(A) = e(A) + 2 and £;(A) = /3(A) or i;(A) = /3(A)/2, respectively. Hence 
£^(A) = 1 implies /3(A) = 1 and £(A) = or /3(A) = 2 and £(A) = 0. These 
two possibilities give </> = 57r/6 and configurations of Figures 35(b) and 35(c), 
respectively. Furthermore if £'(A) > 1 then E{A) > 3/2 so ^ii > 137r/12 > tt. 

Lemma 8.5. Let a vertex v have a corner c in a non-collapsible region A and 
let 4> be the angle assigned to c. If x(A) = 1 and c is incidence 2 then one of the 
following holds. 

(i) (j) = TT, /3(A) = 2, p{A) = 1 or 2 and e{A) = /3(A) - p(A) (see Figures 
36(a) and 36(b)). 

(ii) (j) = 137r/12 and c is a comer of type AB{c) (see Figure 31). 



(a) </.(c) = 7r/2 



(b) (/)(c) = 57r/6 



(c) </>(c) = 57r/6 



Figure 35: 
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(a) 



(b) 



Figure 36: 0(c) = tt 



(Hi) (j) = 77r/6, c is not a corner' of type AB{c) and either A is of type AC^{A4) 
and V is of type AC^ (x) or A is of type AC~ (A3) and v is of type AC~ (y) 
(see Figures 32 and 31). 

(iv) (j) > 47r/3. 

Proof. If p(A) = 1 then as x(A) = 1, /3(A) > 2 and e(A) = /3(A) - 1. Hence if 
/3(A) = 2 then e(A) = 1 and ^ = tt, as shown in Figure 36(a). Otherwise /3(A) > 3 
and p(A) = 1 < £(A) so 



Suppose then that p(A) > 2. If p{A) > 2 then cj) > An/S unless either case (ii) 
or (iii) holds. Hence we may assume p(A) = 2. In this case /3(A) = £(A) + 2. If 
p(A) > £(A) then 

^(A) = 2^ > 1, 
with equality only if /3(A) = 2 and £(A) =0. If 2 = p(A) < £(A) then 

/3(A) + 2 + p(A)^^^^^^_ 
4 4 

Hence ^ = £'(A)7r > n with equality only if p(A) = 2, /3(A) = 2 and £(A) = 0, 
as shown in Figure 36(b). If ^ > tt and p{A) > 2 then, from the above, 

37r 47r 
^-2 3 



9. Curvature 

Let (h, n, t,p) be a positive 4-partition, C a consistent system of parameters, z 
a special element of {H^, jC, n,h) and a a solution to jC. Throughout this section 
F is assumed to be a reduced, minimalistic picture over G on a compact surface 
S of type (n, t,p) with boundary partition b = (61, . . . ,bwi), prime labels z and 
labelled by a{z). Moreover we assume that F is not a single vertex disk. 
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Given a vertex v we denote the sum of angles on all corners of v by (t(w). Similarly 
the sum of angles over all vertex and boundary corners of a region A is denoted 
cr(A) and over all corners of a boundary component /3 of dT, by a{0). 

We define the curvature of the vertex t; of F to be 

k{v) = 2n — a{v) , 

of the region A to be 

k(A) = C7(A) - i(A)7r + 27rx(A) 
and of the boundary component f3 of dT, to be 

k{P) = -a{f3) . 



Lemma 9.1. Let (3 be a boundary component of dT with prime label Yli^i{hi, rrii). 
Then k{I3) < 7rEr=i KhiMhi) - 1). 

Proof. Let l{hi) = di. We have l{hi A a(mi)) = a{m,i), since z is special. Suppose 
that P has boundary partition 6i, . . . , 6„. A boundary interval / = [6^, meets 
boundary corners. If / meets a boundary corner c then / contributes 
to the angle of c. Summing over all boundary intervals of (3 we see that 



ai(3)=J2-MPmi,bi+i]\- 

i=l 

As = whenever [6j, is a minor boundary interval we have 

n n 

J2 -Mmbi, bi+i]\ = -MPMmi), 

i=l i=l 

so 

«(/?) = -a(/3) = ^ a{mi)MP) <^Y1 7 ^ < tt ^ - 1). 

i=i i=i "^"^'^ i=i 

Lemma 9.2. If A is a collapsible region ofV then k(A) = when /3(A) = 1 or 2. 
When p(A) = then «;(A) < 0, with equality only if all boundary intervals meeting 
A are minor. If A. is a non-collapsible region ofV then 
(i) iff3{A) = then k(A) < 0; 
(ii) if /3(A) > and p{A) = then k{A) < -it; 
(Hi) if /3(A) > and p(A) > then 

ifp{A)>s{A) 
-tt/2 z/p(A)<£(A) • 



k{A) < 



Proof. The result follows immediately from the definitions for collapsible regions 
so we can assume that A is non-collapsible. First suppose that A is an interior 
region; that is /3(A) = 0. Then p(A) = t{A) so, as F is minimalistic, 

k(A) = p{A) (^Pi^L^M^^ ^ p^A)n + 2^x(A) = 0. 

Now suppose A is a boundary region (/3(A) > 0). Note that the angle adjustments 
made to corners of vertices of types AC^{v), AC~^{x), AC~{y), AB{v), AB{ui), 
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(a) o-i i= CT2 



(b) (Tl = IT2 



Figure 37: 



AAiv^) and AA{u) have no effect on curvature of regions so may be ignored 
in this context. If p(A) = then ct(A) < and so k(A) < (-t(A) + 2x(A))7r. If 
/9(A) = and x(A) < then fi;(A) < -tt. If /9(A) = and x(A) = 1 then, 
as r has no trivial boundary labels, t(A) > 2. As A is non-collapsible we have 
t(A) > 2 and so k(A) < — tt. Hence we may assume that /3(A) > 0, p(A) > and 
i(A) = /9(A) + /3(A). Let = |{corners of A of incidence for i = 0, 1,2. We 
have p(A) = /9o + pi + /O2 and 

a(A) < p(A) /' p(^)-yA) \ ^ ^ ^^^^2 + p2) i?(A)7r , 



p(A) ; 

since all angles on boundary corners are non-positive. Now pi/2+p2 = /3(A) — £(A) 
so 

a{A) < (p(A) - 2x(A))7r + (/3(A) - £(A))i;(A)7r. 
Thus k{A) = ct(A) - (p(A) + /3(A))7r + 2x(A)7r 

<(/3(A)-£(A))7ri;(A)-/3(A)7r. 

If p(A) > £(A) then 

E(A) = 
^ ^ /3(A) -£(A) 

and so k(A) < 0. If p(A) < e(A) then 

2/3(A)-£(A) + /9(A) 



i;(A) 



2(/3(A)-£(A)) 



so that 



This completes the proof of Lemma 9.2. 

Lemma 9.3. Let v be a vertex incident to two (not necessarily distinct) boundary 
classes of arc (ii and (T2 (see Figure 37). Then the sum of angles on corners of v 
between Ui and U2 is at least tt. 



Proof. Suppose that ai and (T2 are not adjacent classes of arc at Vi. that is, there 
is at least one class of arcs separating them. The angle on v between a boundary 
class and any other class is at least 7r/2, from Lemmas 8.4 and 8.5. Hence, in this 
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case, ai and (T2 arc separated by an angle of at least tt. On the other hand if cti 
and CT2 are adjacent classes then, using Lemmas 8.2 and 8.5, the angle on v between 
them is less than tt only if they meet v at the corner of a collapsible region. In this 
case CTi and a2 form 1 class and F is a single vertex disk, a contradiction. Hence in 
all cases the angle between ai and a2 is at least tt. 

Corollary 9.4. Let v be a boundary vertex. Then k{v) < tt. If v meets dTi in 
more than one class of arcs then k{v) < 0. Ifv meets dT, in more than two classes 
of arcs then k{v) < —n. 

Let T be a boundary class of arcs and suppose that one end of r is contained in 
a boundary interval [6, c] of some boundary component /3 of dT,. In this case we 
say that t meets 9E in [6, c] . 

Lemma 9.5. Let v be a boundary vertex ofV incident to a class of arcs t which 
meets dT, in a boundary interval [b,c] with prime label {w,f). If the width of t is 
more than 'mi/2+1 thenw is a cyclic subword of r^™' , {w,f) is a proper exponential 
H-letter, the width of t is at most ml/2 + / — 1, and ml/2 — I + 3 < l{w) < ml/2. 

Proof. The class r identifies a subword s of r^"* which is also a subword of 
w A a{f). To see this fix a transverse orientation of r. Starting at the first edge of 
r in this orientation we can read round v or along (3 to the last edge of r. In the 
former case we obtain a subword s of r^™ and in the latter of w A a{f ). Note that 
l{s) = \t\ — 1, where \t\ denotes the width of t. Hence a{f) > l{s) > ml/2 + 1. 
Let d = l{w). If (i > mI/2 + 1 then it follows that w has a cyclic subword s', which 
is a cyclic subword of ,s, such that /(,s') > nil/2 + 1 and ,s' is a cyclic subword of 
j,±m_ Therefore (w, /) is not relator-reduced, contradicting the hypothesis that z 
is special. Hence l{w) = d < ml/2 and so a{f) > d and in particular {w,f) is a 
proper exponential H letter. 

Let S = gcd{l, d). First suppose that d + I — S < l{s). Then since s has periods 
I and d = l{w), it follows from [16, Section 5, Proposition 1], that s has period S. 
This implies that 5 = I so that l\l{w) and w is a cyclic permutation of r^* for some 
t > 0, t & Z. As {w, f) is if^-irredundant it follows that t = 1. However this means 
that [w, f) is relator-unconstrained, a contradiction. 

Hence we may assume that d + I — 5 > l{s). As 5 > 1 and l{s) > ml/2 + 1 
this implies that d + l — I > l{s) > ml/2 + 1, so d > ml/2 — 1 + 3. Furthermore 
l{s) < ml/2 + 1 — 6 so \t\ < ml/2 + 1 — 1. This completes the proof of Lemma 9.5. 

Proposition 9.6. If v is a vertex ofV meeting dT in exactly 2 classes of arc then 

either k{v) < ~t:/12 or v appears as the vertex a in a configuration of type II, 
12, 13, U, 15 or 16 as shown in Figures 38(a), 38(b), 38(c), 38(d), 38(e) or 38(f) 
respectively, or their mirror images. 

Proof. The condition that k,{v) > —tt/12 implies a{v) < 257r/12 which in turn 
implies that the boundary classes incident at v are separated by angles less than 
137r/12, using Lemma 9.3. Let the boundary classes at v be ti and T2 and consider 
the angle </> between ti and T2 (in the direction of orientation of dv). Suppose v is 
incident to some class of arcs r between n and T2. Then it follows, from Lemmas 
8.2 to 8.5, as (/) < 137r/12 that t is the unique class of arcs between ti and T2 and 
that the regions Aj incident to v, r and Tj, for i = 1 and 2, are discs with p{Ai) = 2, 
/3(Ai) = 1 and e(Ai) = 0. To see that v belongs to one of the given configurations 
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(a) Configuration II 



(b) Configuration 12 



(c) Configuration 73 





) 


X 


) Q 




X 




) 



(d) Configuration 14 



(e) Configuration 75 



(f) Configuration 76 



Figure 38: 



it remains to check the case in which there is no class of arcs incident at v between 
Tl and T2. In this case it follows, from Lemmas 8.2 to 8.5, that as ^ < 137r/12 the 
region A incident to v, n and T2 is a disc with /3(A) = 2 and p(A) = 1 or 2. Hence 
V must lie in one of the given configurations. 

If is a vertex with k{v) > — 7r/12 and v is the vertex a in one of the configurations 
Ij we say v is an I j -vertex or v is of type Ij{a). 
Prom now on we make the following assumption. 

Assumption 9.7. The integer m is a least 6 and G is not of type E{2, *,m). 

Theorem 9.8. Let v he an interior vertex ofT. Then k{v) < — 7r/3. 



Proof. Since F is minimalistic and G is not of type £'(2,*,m), no interior class 
of arcs can have width more than 1 — 2. It follows that v is incident to at least 7 
classes of arcs. Therefore k{v) < —w/S. 

Wo now consider vertices meeting 9E in precisely one class of boundary arcs. 
Suppose V is such a vertex. Then we shall show that if v has curvature k{v) > — 7r/24 
and V is not an if ^-vertex then v belongs to one of a finite number of configurations. 

Let w be a vertex incident to exactly one boundary class of arcs. Then v is 
incident to deg{v) — 1 interior classes of arc, (where deg{v) denotes the degree of v 
in the graph f associated to F). Each interior class of arcs incident to v is separated 
from its neighbour by an angle of at least 7r/3 so if deg{v) > 5 we have k{v) < — 7r/3. 
Hence we may assume deg(v) < 5. 
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Lemma 9.9. Let v be a vertex ofT incident to at least 4 interior and precisely 1 
boundary class of arcs. Then either k{v) < —it/9 or v is of type B4{a) as shown 
in Figure 39. 

Proof. If deg(f) > 6 then k{v) < — 7r/3 so we may assume deg(u) < 5. Then, from 
Lemmas 8.3 and 8.4, k{v) < with equality only if v is of type BA(a), as shown in 
Figure 39, and not of type AA{u). If v is of type AA{u) then k{v) = —n/9. If v is 
not of the type B4(o) then k{v) < and, from Lemmas 8.3 and 8.4 again, either 
one of the incidence corners at v has angle (p > 7r/2 or one of the incidence 1 
corners has angle ^ > 5n/6. In either case k{v) < — 7r/6. 

Corollary 9.10. Let v be a vertex ofT meeting dY, in precisely one class of arc of 
width at most ml/2 + 1. Then either k{v) < — tt/Q or v is of type B^{a) as shown 
in Figure 39. 

Proof. There arc at least ml/ 2 — 1 non-boundary arcs incident at v. Since T is 
minimalistic, ml/2 — 1 > 3^ — 1 and G is not of type E[2, *, to) there are at least 4 
non-boundary classes of arc incident at v. The result follows from Lemma 9.9. 

Lemma 9.11. Let u and v be adjacent vertices ofT with incidence 1 corners on 

a region A such that p{A) = 2, /3(A) = 1, e(A) = and x(^) = 1; o,^ shown 
in Figure 40. Let n and v be the boundary classes of arcs incident to u and v, 
respectively, and meeting A and assume that dY, n /x, 9S n v and the boundary 
corner of A are all contained in a boundary interval (3 = [6, c] with prime label 
{w, /). Assume that k{v) > —Tr/2 and that > ml/2 + 2. Then < I and w is 
a cyclic subword of r^™ . 
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Figure 40: 



Proof. The class /i meets u in arcs. Reading round u in the direction determined 
by the transverse orientation of /x induced from the chosen orientation ( of dT, these 
arcs identify a subword s of r^"*, where e = ±1. Similarly the class v meets v and 
identifies a subword t of r*^™, where e = ±1. For the duration of this proof we 
call jjL (v) positive if e = 1 and negative otherwise. We have l{s) = |/Lt| — 1 and 
l{t) = lu] - 1. Assume that > ml/2 + 2 and that |a«| > / + 1. 

We may assume, without loss of generality, that the orientation C of /? is such 
that A n /3 is oriented from fj, to v and that an occurrence of w in the label of [b, c] 
begins in the boundary corner following the first arc of v (in this orientation of /?). 
Then as above /i identifies a cyclic subword .t of w A a{f) and v identifies an initial 
subword y of wf\a{f). Furthermore in H we have x = s and y = t. From Lemma 9.5 
it follows that w is a cyclic subword of r^™ and 2Z+3 < ml/2-1+3 < l{w) < ml/2, 
so w is an initial subword of y. Let x' be the terminal segment of x of length I 
and let y' be the segment of y beginning in position l{w) — I and of length /. Then 
both x' and y' are subsegments of w beginning in position l{w) — I and ending in 
position l{w) — 1. Hence x' = y', in H. As x = s and y = t both x' and y' are 
cyclic permutations of r^^. 

We consider separately the cases in which /x is positive and negative, under the 
assumption that ;/ is positive. The case v negative follows by symmetry. First 
suppose fi is positive so x' and y' are both cyclic permutations of r. As cyclic 
subwords of r we may assume the position of the first letters of x' and y' are 
X < 1/2 apart. (Otherwise interchange x' and y'.) The union of x' and y' then 
forms a cyclic subword z of r™ of length 21 — A, and of periods / and A. Let 
S = gcd(/, A). Then l + X-6 < 31/2 - 1< 2/ - A = l{z). Hence from [16, Section 
3, Proposition 1] the word z has period S. As r is not a proper power it follows 
that 5 = I and since 6\X and A < 1/2 we have A = 0. Thus x' and y' are identically 
positioned as cyclic subwords of r. 

Now suppose that the last letter of w, as a word in A* B, is uj. Then the letter 
following y' in y, and therefore in r™, is u>. Hence the letter following x' in r™ is 
oj and so the label on the corner of u in A is w. Therefore the label on the corner 
of A meeting u, read with orientation induced by that on /3, is uj~^. As w ends in 
the letter ui the boundary component of A is labelled w. Hence the corner of v in 
A has trivial label, a contradiction. Hence /z cannot be positive. 
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If n is negative then x' is a cyclic permutation of r^^ and y' is a cyclic permu- 
tation of r. As x' = y' in A * B this means that G is of type E{2, 2, m), contrary 
to the standing assumption 9.7. Therefore < I. 

10. Configurations C 

Let (h, n, t,p) be a positive 4 partition, C a consistent system of parameters, 
z a special element of {H^ , £,n,h} and a a solution to C. As in Section 9, T is 
assumed, throughout this section, to be a reduced, minimalistic picture over G on 
a compact surface S of type (n, t,p) with boundary partition b = . . . ,b\Yi), 
prime labels z and labelled by d(z). We are now in a position to prove the following. 

Theorem 10.1. Let v be a vertex ofT which meets in precisely one boundary 

class of arcs v. Then either 

(i) V is distance at most 1 from an -vertex or 

(ii) k(v) < — 7r/24 or 

(Hi) V is of type i?4(a) (see Figure 39) or 

(iv) V appears as the vertex v in configuration CO, Cl^, C2^, C3^, CA or 
CG^, > ml/2 + 1, and in each of these configurations < / (see 

Figures 42, 43, 44, 45, 46 and 47). 

Proof. Assume that v satisfies none of the conditions (i)-(iii). As v is not an 
iJ^-vertex it follows that v meets in a boundary interval [6, c] which we shall 
assume has prime label {w,f). Note that failure of condition (ii) implies that v is 
not of type AG'^{v), AB{ui), AA{u) or AA{v^). From Lemma 9.9 it follows that v 
is incident to at most 3 interior classes of arcs. Prom Corollary 9.10 it follows that 

> ml/2 + 1 and from Lemma 9.5 it follows that (w, /) is a proper exponential 
if-letter, w is a subword of r±™, ml/2-1 + 3 < l{w) < ml/2 and \u\ < ml/2 + l-l. 
As m > 6 this implies that there are at least 21 + 1 non-boundary arcs incident at 
V. Hence v is incident to exactly 3 interior classes of arcs and 1 boundary class of 
arcs p. 

We denote the regions incident to v by Ai, A2, A3 and A4, as in Figure 41. 
(Note that these A's are not a priori distinct.) Let a, denote the angle on the 
corner of v in Aj for all i. 

We have aj > 7r/3, for i = 1,2, and > 7r/2 for i = 3,4 (using Lemmas 8.2, 
8.3 and 8.4 and the fact that v is incident to exactly one boundary class of arcs). 
If ai > 5tt/7 for i = 1 or 2 then k{v) < -tt/21. If > 177r/18 for i = 3 or 4 then 
< — 7r/9. If ai = ll7r/12, for i = 3 or 4, then v is of type AB{ui), a possibility 
that has already been excluded. 

Hence we may assume ttj < 27r/3, for i = 1,2 and ai < bn/Q for i = 3,4. 
(Using Lemmas 8.2, 8.3 and 8.4 again). In particular x(Ai) = 1, for i = 1,2,3,4, 
which implies that all the A 's are distinct. Also 3 < p(Aj) < 6 for i = 1,2 and 
2 < p(Ai) < 3, for « = 3, 4. For i = 3 or 4, write 

( a if p(Ai) = 3 and I3{\) = 1 
T{Ai) ^ \ b if p{Ai) = 3 and p{Ai) = 2 . 
[ c ifp(A,) = 2 

If (T(A3),T(A4)) = (a, a), (a, 6), (5, a) or (6,6) then k{v) < -7r/3 so we must 
have (T(A3),T(A4)) = (a, c), (6, c), (c, c), (c, a) or (c, 6). We consider the possible 
values of p{Ai), with i = 1, 2 in each of these cases. 
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Figure 41: 



Consider first the case (T(A3), T(A4)) = (c,a). If p(Aj) > 4, for i = 1 or 2, 
then k{v) < —tt/Q. Hence p{Ai) = 3 in this case, for -i = 1 and i = 2. This 
gives configuration CC^ . The case (r(A3), T(A4)) = (a, c) gives CC^ . A similar 
argument shows that in the cases (T(As), T(A4)) = (c, b) and (b, c) the vertex v is 
of type AC^{v) or AB{ui ) so these cases arc aheady covered in (ii). 

Now consider the case (T(As), T(A4)) = (c,c). We have 3 < p(A,) < 6, for 
i = 1,2 and it is easy to check that k(v) > — 7r/24 implies (p(Ai), p(A2)) = 
(3, 3), (3, 4), (3, 5), (3, 6), (4, 4), (6, 3), (5, 3) or (4, 3). 

These values of p(Aj) give rise to configurations CO, Cl^, C2^, C3^ and C4. 
As V is distance more than 1 from all il^-vertices it follows, from Lemma 9.11 that 
the boundary classes /i, in these configurations all have width at most I. 



Definition 10.2. . A configuration of type CO, Cl±, C2±, C3±, C4 or CC± is 
called a C -configuration (see Figures 42, 43, 44, 45, 46 and 47). A vertex u of P, 
with k{u) > — 7r/24, which is distance at least 2 from all -ff^-vertices and which 
appears as vertex w in a C-configuration is called a C-vertex. 

We shall for convenience refer to configurations Cj^ , j = 0, . . . , 4, taking Cj+ = 
Cj~ = Cj when j = or 4. 

11. Configurations D 

Proposition 11.1. If v is a C-vertex then either 

(i) we can adjust the angle assignment to corners ofui and v so that k{v), K{ui) < 
— 7r/30, for i = 1,2, and k(A) is unchanged for all regions A; or 

(ii) V is the vertex a and ui is the vertex b in one of configurations DO, Dl, 
D2, D3, DA, Dh, D6, D7, D8 or D9. 

Such angle adjustments may be carried out over all C -configurations simultane- 
ously. 
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Figure 42: Configuration CO 
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(a) Configuration C1+ 



(b) Configuration CI 



Figure 43: 



Proof. Wc shall define angle adjustments to satisfy (i) and (ii) for all C configurations 
of r such that, considering each connected boundary component /3 of cJS in turn, 
these angle adjustments move angle from corner to corner of regions incident to 
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(a) Configuration C2+ 



Figure 44: 
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Figure 45: 
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Figure 46: Configuration C4 
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(a) Configuration CC+ 
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Figure 47: 



(3, only in the direction of orientation of /3. Furthermore these angle adjustments 
leave k(A) fixed, for all regions A of F. 

Given a C-configuration with C-vertex v set u = ui and /x = /xi (if we're not in 
case CC"*"). Denote the class of arcs joining u and v by t. Denote the angle on the 
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Figure 48: Configuration DO 




Figure 49: Configuration Dl 



corners of v and u in A4 by a4 and as, respectively. Orient du in the direction from 
H to i inside A4. Note that v is not of type AA{v'^) tliosc vertices have curvature 
k{v*) < -7r/9. By definition v is not of type AA{x'), AC^{v), AC+{x), AC'iy), 
AB{ui) or AB{v). Therefore no corners of v have had angles altered by previous 
angle adjustments. 

To ensure that we can make angle adjustments simultaneously over all C- 
configurations we need to consider whether or not u and v may appear in more 
than one C-configuration. As v is incident to only one boundary class of arcs 
it cannot occur as the C vertex of any other C-configuration. As < I and 
\i>\ > ml/2 + 1, u cannot be the C-vertex of a C-configuration in which v occurs 
as the vertex of type ui or U2- Suppose that u occurs as the C-vertex in some 
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Figure 50: Configuration D2 




Figure 51: Configuration Z)3 



C-configuration. Let Co be the original C-configuration, in which u is of type 
Ml, and let C\ be the configuration in which u occurs as the C-vertex. Since u is 
incident to a boundary class in Ci it follows that Co is of type CC^ , so u being the 
vertex of type CC"'"(ui) in Co is not incident to a further boundary class of arcs. If 
Ci is a configuration of type Cj then, since p(Ai) = 3, it follows that C\ is of type 
CO, with u of type CO(u). This gives configuration D'Q of Figure 61. Otherwise Ci 
is of type CC^ and we obtain configuration DS of Figure 56 or D9 of Figure 57, 
with u of type Dj{h). In all three cases it can be easily verified that u is of type u\ 
in Co alone. 

In general u may occur as the vertex of type ui in more than one C-configuration. 
Suppose then that u is the vertex of type ui in p distinct C-configurations. We 
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Figure 52: Configuration DA 




Figure 53: Configuration D5 



sliow tliat (ii) holds only if p = 1 and that Hp = 1, (ii) does not hold and u 
and V are not of type D'6{u) and D'6{v), respectively, then we can decrease the 
angle 0:5 and increase 0:4 to obtain k{u),k{v) < — 7r/12. If p > 1 we show that 
we can decrease the angle as and increase a4 to obtain k{u),k{v) < — 7r/15 over 
all p configurations, in which u occurs as the vertex of type Ui, simultaneously. 
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Figure 54: Configuration D6 






Figure 55: Configuration D7 



Finally suppose that u and v are of type D'6{u) and D'6{v), respectively, and let 
/?' be the boundary component to which u is incident in Figure 61. If /3' is oriented 
from left to right in Figure 61 wc show that we can adjust angles by increasing 
and ar and decreasing and ae so that k,{u), k{v), k{x) < — 7r/30. Similarly if /3' 
is oriented from right to left in Figure 61 we show that we can adjust angles by 
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Figure 56: Configuration D% 




Figure 57: Configuration Z)9 



increasing and as and decreasing as and ag so that k{u), k{v), K{y) < — 7r/30. 
These adjustments all leave curvature of regions unaltered. This is sufficient, given 
the remark at the beginning of the proof, to prove the theorem. We divide the 
proof into Case A, where p = 1, and Case B, where p > 1. 
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Figure 58: 



Case A: p = 1. 

In this case u occurs as the vertex of type Wi in no C-configuration except that in 
which V occurs. Under this assumption we have two further cases to consider: Case 
Al in which u is adjacent to no boundary classes (in configuration CC~^) except 
possibly /X (in configurations Cj'^^j = 0, . . . , 4 or CC~) and Case A2 in which u is 
incident to boundary classes other than /x. 

Case Al. As G is not of type £'(2, *,m) no interior class of arcs contains more 

than I — 2 arcs and /i contains no more than I arcs, from Theorem 10.1. It follows 
that in Case Al, configuration CC"*", u is adjacent to at least 7 interior classes of 
arc and in Case Al, configuration Cj^ or CC~ , u is adjacent to at least 6 interior 
classes of arc. 

In configuration Cj^, with < j < 4, or CC~ with u incident to 6 or more 
interior classes of arc we have a{u) > w + 5w/3, so we can adjust as, by — 7r/2, to 
and a4, by 7r/2, to tt giving k{u), k{v) < — 7r/6. In configuration CC^ with u is 
incident to 7 or more classes of arc we have a{u) > 7tt/3, = 7r/3 and a4 = 57r/6 
so we may adjust to = w/G and a4 = it, to give k{u), k{v) < — 7r/12. 

Hence in Case Al it is always possible to adjust angles as required. 

Case A2. Now suppose that u is incident to some boundary class of arcs ^ not 
meeting 9A4. Suppose first we have one of configurations Cl^, C2^, C3^, C4 or 
CC~ (see Figure 58). In each case k{v) < tt/Q. Let be the sum of angles on u 
between i and ^ (that is, taken in the direction of Ai). If (in the same direction) 
there is 1 or more class of arcs incident at u between l and ^ then it follows from 
Lemmas 8.2, 8.3 and 8.4 that > 5n/6. If there are no arcs between t and £, then 
since p(Ai) > 3 and, as is easily verified, Ai is not a region of type AA{A\), it 
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follows that B > 57r/6, again. Hence a{u) > tt + 57r/6 + 7r/2 — Ttt/S. Wc may 
therefore increase by 7r/4 and decrease by 7r/4 to obtain k(u), k(v) < —it/12. 
Hence we need only consider configurations CO and CC+. 

Assume we have configuration CC+. so k{v) = (see Figure 59). Suppose first 
Ai is an interior region, so triangular with all angles 7r/3. In this case if any region 
meeting u has Euler characteristic less than 1 then a{u) > 27r/3 + 7r + 7T/2 — 137r/6, 
so wc may decrease 0:5 to 7r/4 and increase a4 to ll7r/12 to obtain k{u),k{v) < 
— 7r/12. Hence we may assume all regions A incident to u have x(^) = 1- Now 
under the current assumptions u is incident to 3 or more interior classes of arc and 
one or more boundary classes of arc. We consider four subcases. Subcase A2.1 
where u is incident to more than one boundary class; Subcase A2.2 where u is 
incident to one boundary class and more than four interior classes; Subcase A2.3 
where u is incident to 1 boundary class and four interior classes and Subcase A2.4 
where u is incident to 1 boundary class and three interior classes. 

Subcase A2.1: u is incident to more than one boundary class of arcs. 

In this case a{u) > 27r/3 + 7r + 7r/2 + 7r/2 so we may adjust angles 04 
and 0:5 to give k{v) < —tt/3. 
Subcase A2.2: u is incident to one boundary class and more than four 
interior classes of arcs. 

In this case a{u) > 47r/3 + 7r/2 + 7r/2 so we may adjust angles a4 and 
as to obtain k{u),k{v) < — 7r/6. 
Subcase A2.3: u is incident to one boundary class and four interior classes 
of arcs. 

In this case either k{u) < —n/6 or u is a vertex of type i?4(a) (see 
Figure 39) or u is of type AA{u) (see Figure 30). If k{u) < — 7r/6 then 
we can adjust and 015 by 7r/12 to obtain k(u), k{v) < — 7r/12. If u is of 
type AA{u) then v is of type AA{v'^) or AA{xi), so this does not occur. 
Therefore we may assume u is a vertex of type B4(a). In this case every 
incidence corner on u must have angle 7r/3 and both incidence 1 corners 
must have angle tt/2. There are therefore two possibilities as shown in 
Figures 52 and 53, configurations DA and D5 respectively. 
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Figure 60: Configuration AC 4 




Figure 61: Configuration D'6 



Subcase A2.4: u is incident to one boundary class and 3 interior classes of 
arcs. 

In this case wc have the situation of Figure 60. The angles and (f) in 
Figure 60 are both either equal to 7r/2 or at least bn/Q. li (p = 9 = Tr/2 
then u is of type CO{v) and we have configuration D'6 of Figure 61. We 
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Figure 62: 



defer further consideration of D'& until the end of the proof, li (j) = 57r/6 
and — 7r/2 we have configuration Dl, of Figure 55, with u of type 
CC^{v). li (j) = 7t/2 and 9 = 57r/6 then we have configuration D8, of 
Figure 56, with u of type CC(w)^. If > 57r/6 and 6 > 57r/6 then 
a{u) > 27r/3 + bn/S = Iw/S so we may adjust a4 and by 7r/6 to give 
k{u),k{v) < — 7r/6. 

This completes consideration of Case A2, configuration CC"*" with Ai an interior 
region (except for configuration D'6). Now suppose that Ai is a boundary region. 
As V is of type CC~^ we have p{^i) = 3 and /3(Ai) = 1. Hence the angle on 
the corner of u in Ai is 57r/6. If u is incident to a further boundary class of arcs 
(other than that in dAi) then a{u) > 57r/6 + tt/S + 7r/2 + tt = Stt/S so we may 
adjust ai and 015 by 7r/3 to give k{u),k,{v) < — 7r/3. Hence wc may assume u is 
incident to no further boundary classes of arcs. We have the situation of Figure 
62, with ^ be the boundary class incident at u. Now, from Lemma 9.5 and the fact 
that V is not joined to an vertex, it follows that |^| < m.l/2 + I — 1 and so u 
is adjacent to at least one more vertex. Hence 9 > 5n/6. li 9 > 57r/6 then 9 > tt, 
using Lemmas 8.3 and 8.4, so a{u) > 137r/6 and we may adjust 04 and by 7r/12 
to obtain k{u),k{v) < — 7r/12. Hence wc may assume 6 = 5n/6 in which case we 
have configuration D9, with u of type CC'^{v). 

It remains to consider configurations CO to complete Case A2 (except for D'6 
which is treated later). In Case A2, configuration CO, we have the situation of 
Figure 63 with a{u) = 9 + (j) + Tr/2 and k{v) < — 7r/6. If u is incident to any region 
A with x(A) < then, since x(Ai) = 1, Lemma 8.2 implies that either 6 > ll7r/6 
or (/) > 27r so cf{u) > 207r/6. Hence wc may adjust 0:4 and 015 by 7r/2 to obtain k{u), 
< — 7r/6. Hence we may assume x(A) = 1, for all regions A meeting u. 

We consider first the case that Ai is an interior region, that is Ai is triangular. 
In this case 9 = tt/3 + V', for some angle ip with ip > 7r/2. As (f> > n we have 
^ + 4> > 3n/2. If (j) + t{j = 3tt/2 then tp = tt/2 and </> = tt and it is easy to check that 
we have one of configurations DO, Dl or D2. li ijj > Tr/2 then ip > 57r/6, because 
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Figure 64: Configuration DZ' 



if ip = 27r/3 then u is of type AA{x^) and v is forced to be of type AA{v^). Also 
</> > 77r/6 (in fact </) > 47r/3 unless u is of type AC+(.x), AC~{y) or AA(x')). In 
both cases we may adjust 04 and as by 57r/12 to obtain k{u), k{v) < —it/ 12. 

Now suppose that Ai is a boundary region. Then, in Figure 63, 6 = 57r/6 and 
(j) > TT. If (/> = TT then wc have configurations D3, D3' or D3" of Figures 51, 64 
and 65, respectively. Theorem 9.11 implies that, in configurations D3' and D3", 
the boundary class incident to u in 9A4 has size at most / so the boundary class 
incident to u in dAi has size at least (m — 2)1 > {mI/2) + / — 1. Since u is not 
an ff^-vertex this contradicts Lemma 9.5. Hence the configurations D3' and D3" 
cannot occur. If ^ > n then ^ > 77r/6 and we can adjust 04 and as by 57r/12 to 
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Figure 65: Configuration D3' 



give k{u), k{v) < — 7r/12. This completes Case A2 and so proves Case A: p= 1, of 
the theorem, with the exception of configuration D'6. 
Case B: p > 1. 

Suppose u is the vertex of type mi adjacent to C-vertices v^, - ■ ■ ,vP, occuring in 
cycHc order around u, with v = and p > 1. Note that it is possible that w is a 
vertex of type Cj^{u2) or CC^{u2) but then the corresponding vertex Cj^{v) or 
CC^{v) is not among v^, - ■ ■ , v^. If v'^ is the vertex v in one of configurations CO, 
Cl^, C2^, CS"^, C4 or CC^ we denote the corresponding vertices Wj, classes /Xj, Li 
and regions by uf, , and A'^, for i = 1,2 and k = 1, ■ • ■ ,p. Hence m = u^, 
for A; = 1, • • • ,p. Write /x'' and l'^ for and t^, respectively and recall that du is 
oriented from n to l inside A4. If i^'' precedes t'^ in the cyclic order around u then 
we say that v'' is green and otherwise that v'^ is 6foe. (See Figure 66.) 

We define 

r X, ift;'= is of type CC(t;)+; 

T(v'=) = \ Y, if v'^ is of type CC{v)-; 

[ Z, if v'' is of type Cj(w), with < j < 4 : 

and say that v'^ is of type X,Y 01 Z as appropriate. 

We now compute a lower bound for the sum of angles 6'^ on u between i'^ and 

^fc+i^ read in the direction of orientation of u (superscripts modulo p). We consider 
separately each of the four possible colourings, in green and blue, of v'^ and w'^"'"^. 

Case Bl: v'^ and v''~^^ are green. 

We treat the different combinations of types of v'' and v'^'^^ as distinct subcases. 

Subcase Bl.l: T{v'') = X,Y 01 Z, T{v''+'^) = X, see Figure 67. In the 

following Figures vertices with broken outlines may or may not be present. 
If they're absent their incident arcs are replaced by a single arc. In Figure 
67 either one or none of the dotted vertices may be present. 
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blue 

Figure 66: 



In this subcase as v'^ is incident to only one boundary class the angle (j) 

in Figure 67 is at least 7r/3, and so 6^ > 27r/3. 
Subcase B1.2: T{v'') = X, Y or Z, T{v''+'^) = Y or Z, (see Figure 68, 
where at most one dotted vertex may be present). 

In this case, as v'' is incident to only one boundary class, (f) > 5n/6 so 
that 0'' > 47r/3. 

Case B2: v'' and are both blue. 

Subcase B2.1: T(w'=) = X, (see Figure 69). In this case (/> > tt/S so 9'' > 
27r/3. 

Subcase B2.2: T(w*=) = Y or Z, (see Figure 70). As v''+^ is incident to 
only one boundary class we have (f> > dn/Q. Hence 9'' > 47r/3. 

Case B3: v'^ is blue, v'^'^^ is green. 

Subcase B3.1: T{v'') = X, T(z;'=+i) = X, (see Figure 71). Note that the 
vertex x in Figure 71 cannot be v''~^^ , given that we have defined u = u^"*"^ 
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Figure 67: 



with respect to the orientation of the boundary component /J'^^^ of dT, 

incident to We have (j) > 7r/3, so 9'' > 27r/3. 

Subcase B3.2: T{v'') = X, T{v''+'^) =Y ov Z, (see Figure 72). As > 7r/2 

we have e'' > 47r/3. 
Subcase B3.3: r(w'=) =Y or Z, T{v''+^) = X, (see Figure 73) Here ^ > 

7r/2 so e'' > 47r/3. 

Subcase B3.4: T(w'=) =Y or Z, T(t;'=+i) = Y or Z, (see Figure 74) We 
have so 0^ > 2-k. 

Case B4: v'^ is green, v'^^^ is blue, (see Figure 75). In this case O'^ > tt/3. We 
have therefore a lower bound for O'' in all cases. 

If v'' is green for all k with c < k < d and and are blue (or d + 1 — c = 
O(mod p)) then c'". (/ + ^ , • • • , u"^ is called a green component (of u). 5foe components 
are defined analogously. 

Case B5: v^, - ■ -v^ arc all green. Suppose that v^, - ■ -v^ arc all green. Let t = 
\{k : T{v'') = Y or Z}\. Then a{u) > (27r/3)p + (27r/3)t. If p > 4 then a{u) > 
2'K+{p- 3)(27r/3) + (27r/3)t so 

a{u) >2'K+{p+ l)27r/15 + (27r/3)i. 
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Noting that k{v'') < if T{v'') = X oi Y and that < 7r/3 if T{v'') = Z we 

see that we can adjust angles on u and v'' inside A4 so that k{u) < —2^/15 and 

< -27r/15, for all k. (This follows because t > \{k : T{v^) = Z}\.) 
Thus given that all w'^'s arc green it remains to consider the cases 2 < p < 3. 

Subcase B5.1: p = 3.: In this case \i t > 1 then a{u) > 2it + (27r/3)t > 
27r + (7r/3) + (7r/3)t. It follows that we can adjust angles a'l and for 
k = 1, 2. 3 so that k{u) and i<;.{v^) < — 7r/12. We may therefore suppose that 
t = 0. In this case we have the configuration of figure 76, and (t{u) = 2it 
if an only if = (jy^ = (jy^ = -jt/3 (in figure 76). As is incident to only 
one boundary class this occurs only if is incident to x''^^ , for i = 1, 2, 3 
(superscripts modulo 3). However the resulting configuration cannot occur 
unless G is of type E{2,*,m), using Lemma 6.12. Hence 0' > 7r/3, for 
some i. As p{A\) = 3 it follows that (f)^ > 2tt/3, for such i, so (t{u) > 77r/3 
and we may adjust angles so that k{u), k(v*) < — 7r/12. 

Subcase B5.2: p = 2.: First suppose t = 2. Then we have the configuration 
of Figure 77 and a{u) = tt + cj)^ + (fP, with 0* > 57r/6, for i = 1,2 (as u is 
not of type AA{x^), Figure 30). As < I we have 0* = 57r/6 only if u 
is adjacent to w^, for i = 1,2. (Otherwise u is incident to fewer than ml 
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Figure 69: 



arcs.) However if u is adjacent to and incident to no further classes of 

arcs then we have a contradiction to Lemma 6.12. Hence c6' > 77r/6, for 
i = 1 or 2 and a{u) > Stt. Therefore we may adjust angles so that k{u), 
k{v') < -tt/9. 

Next suppose t = 1. Then we have the configuration of Figure 78, where 
(/>^ > 7r/3 and (/>^ > 5n/6 and a{u) = 5tt/6 + (p^ + (j)"^ (as u is not of type 
AA{x^), Figure 30). If = 57r/6 either is adjacent to and there 
arc no arcs incident to u between and or u is adjacent to via the 
unique class of arcs incident to u between and /x^. In both of these cases, 
since < I there must be arcs incident to u between and /x^. If none 
of these arcs arc boundary arcs then there must be at least two classes of 
arcs incident to u between and /x^ from which it follows that (p^ > it. 
On the other hand if there is a boundary arc incident to u between and 
jj?' then (fy^ > 4tt/3. Hence 0^ = 5tt/6 implies that <t{u) > Stt/S. 

If 02 > 57r/6 then, as aj = 7r/3, it follows that (j)^ > 7tt/6. If (j)^ = 7tt/6 
then Af must be triangular and there can be at most 2 classes of arc 
incident to u between and /x^, all of which must be interior. In this case 
there must be a class of arcs incident to u between and fj,^ so 0^ > 27r/3. 
Hence 0^ = 7,^/6 implies that a{u) > Sw/S. If 0^ > 77r/6 then 0^ > 5,^/4, 
with equality only if is triangular, there is only one class of arcs incident 
to u between and ij}, and w is a vertex of type AB[ui). In this case 
there must be at least 2 classes of arc incident to u between and /x^, so 
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Figure 70: 



(j)^ >Tr and a{u) > 377r/12. If 0^ > 5^/4 then cjp > 3n/2 so, as (j)^ > 7r/3, 
a{u) > Stt/S. Therefore t = 1 impUes a{u) > Stt/S and we may adjust 
angles so that k{u), k{v^) < —Tr/9. 

Finally suppose t = 0, in which case we have the configuration of figure 
79. If u is incident to 3 more classes of arc (than those shown in Figure 
79) then a{u) > 7tt/3. If u is incident to a boundary class of arcs then 

> 47r/3, since a\ = -it/3, for i = 1 or 2. In this case a{u) > Tn/S again. 
Hence, using Lemma 6.12, we may assume a{u) > 77r/3 and adjust angles 
so that k{u), k{v^) < —tt/9. 

Hence in Case B5 where all v'^^s are green we may adjust angles suitably. 
It follows, by symmetry, that this is also possible if all v'' 's are blue. 

Case B6: there arc q green and q blue components. Suppose that there are q > 1 
green and q > I blue components, Gi, .., Gq and Bi, ■ ■ ■ ,Bq respectively, in cyclic 
order round u. Let gj{A) be the number of vertices of type A in Gj and bj{A) 
be the number of vertices of type A in Bj, where A \s X, Y or Z. Let Qj = 
g,{X) + g,{Y) + g,{Z) and h, = b,{X) + b,{Y) + b,{Z); so 

Q 

Furthermore let 

g{A)=j29j{A), 6(A) =^6,(^) and 
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Figure 71: 



p{A) = g{A) + b{A), whore A ^ X , Y or Z. 
To complete the proof of case B of the theorem we aim to show that 
(11.1) ct(u) > 27r+p(Z)7r/3+ (p+ l)/24. 

This is sufficient to aUow a suitable angle adjustment to be made. In fact transfer- 
ring angle of a from the corner of u in A\ to the corner of in A4, where 

_ J 97r/24, ifT{v') = Z 
"'~ \ 7r/24, if T{v^) =X orY ' 

we have cr(u*) > 2tt + 7r/24, for all i, and 

a{u) >27T+ piZ)7T/S + ip+ l)7r/24 - p(Z)97r/24 - {p{X) + p(r))7r/24 

= 27r + 7r/24. 

Hence we may adjust angles as described to obtain k{u),k{v^) < — 7r/24, for all i. 

A green or blue component v^, - ■ ■ , v'^^'^ is said to begin with v'^ and end with 
^c+d examine the effect of the type of the extremal vertices of a component 
on the sum of angles between its C- vertices. 

If a component C begins with v'^ and ends with then the sum of angles 
around u between and //^-^ and t'^+^j---, ^,'=+'^-1 and l'^^'^ is called the 

angle of the component and is denoted cr(C). 

Consider a green component Gj. If Gj begins with &Y ov Z vertex then 

> (47r/3)(5,(F) + g^iZ) - 1) + (27r/3)5,(^). 
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Figure 72: 



If Gj begins with an X vertex then 

'y{G,) > {47r/3){g,{Y)+g,{Z)) + {2TT/3){g,{X) - 1). 
Now consider a bhic coniponcnt Bj. If Bj ends with an Y or Z vertex then 
a{B,) > (47r/3)(6,(r) + b,{Z) - 1) + (2^/3)6,(X). 
If Bj ends with an X vertex then 

a{Bj) > {4n/3){bj{Y) + bjiZ)) + (27r/3) (6,- (X) - 1). 

Let e{S, T) denote the number of blue components which end with a vertex of 
type S and such that the following green component begins with a vertex of type 
T, where 5, T e {X,Y,Z}. 

Then q = e{X, X) + e{X, Y) + e{X, Z)+ e{Y, X) + e{Y, Y) + e{Y, Z)+ e{Z, X) + 

e{Z,Y) + e{Z,Z), 

the number of blue components ending with a vertex of type A is 

e{A,X)+e{A,Y) + e{A,Z) 
and the number of green components beginning with a vertex of type A is 

e{X,A) + e{Y,A)+eiZ,A). 

Now a{u) = [sum of angles of green components] 
+ [sum of angles of blue components] 
+ [sum of angles between green and blue components] 
+ [sum of angles between blue and green components] 




Figure 74: 
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> (4^/3) EU ^9 AY) + 9AZ) - 1) + (27r/3) Ej=i fe(^) " 1) 

+ (27r/3) (e(X, F) + e{Y, Y) + e{Z, Y) + e{X, Z) + e{Y, Z) + e{Z, Z)) 
+ (4^3) (e(X, X) + e(y, X) + e(Z, X)) ] 

+ [(47r/3) Ej.i + HZ) - 1) + (2^/3) E]=i (&,(^) - 1) 

+ (27r/3) (e(y, X) + e(y, y) + e{Y, Z) + e(Z, X) + e(Z, y) + e(Z, Z)) 
+ (4^/3) (e(X, X) + e{X, Y) + e{X, Z)) ] 
+ ['?7r/3] 

+ [(27r/3) e(X, X) + (47r/3) {e{X, Y) + e(X Z) + e(y, X) + e{Z, X)) 

+27r (e(y, y) + e(y, Z) + e(Z, Y) + e(Z, Z)) ] 

= (27r/3) El.i fe(i^) + 9AZ) + 9 AX) + h,{Y) + bj{Z) + bj{X)) 

+ (27r/3) El=i {9jiY) + gj{Z) + b,{Y) + bj{Z)) 

-Anq + (7r/3)g 

+ (10^/3) {e{X, X) + e{X, Y) + e{X, Z)+ 
e{Y,X) + e{Y,Y)+e{Y,Z)+ 
e{Z,X) + e{Z,Y) + e{Z, Z) ) 
= (27r/3)p - (V3) q + (27r/3) {p{Z) +p{Y)). 
Note that p>2q and if p is odd p>2q+l. Hence if p > 5 then p — 3> q and so 
a{u) > 27r + (p - 3) (27r/3) - (tt/S) g + (2^/3) p{Z) 
>2tt+ (7r/3) (p - 3) + {2tt/3)p{Z) 

> 27r + (^/9) + 1) + (7r/3) p{Z) , 
since 3(p — 3) > (p + 1), when p > 5. 
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Figure 76: 



Hence (11-1) holds when p > 5 and it remains to check the cases 2 < p < 4. 
Subcase B6.1: p = 4. 

If p = 4 then g = 1 or 2 and 



ct{u) > (87r/3) - (tt/S) q + {2n/3) {p{Z) + p{Y)). 
We shall show that, when p — 4, we have 

a{u) > 7tt/3+p{Z) (tt/S) 

so that 

a{u) > 2tt+p{Z) (tt/S) + {p+ l)7r/15 

as required. 

Subcase B6.1.1: If p{Y) is non-zero then we have 

cr(w) > 87r/3 + (27r/3)p(Z) > Ttt/S + (7r/3)p(Z). 
Subcase B6.1.2: Suppose p(F) = 0. Then, if > 1, we have 
a{u) > 27r + (27r/3)p(Z) > 77r/3 + (7r/3)p(Z). 
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Figure 77: 

If p{Y) = p{Z) = and g = 1 then 

a{u) > I-k/2, = 77r/3 + {■k/2,)p{Z). 

If p{Y) = p{Z) = and g = 2 then we have the configuration of 

figure 80 where and are green, of type X, and and are 
blue of type X. (Note that, in Figure 80, cjP' may equal zero if = 
and (j)^ may equal zero if = a;^.) Suppose first = = 0. As 
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Figure 78: 

a\ = a1 = af = af = 7r/3 we have (j)^ > 2tt/3 and (p^ > tt/3, or vice- 
versa, otherwise G is of type £'(2,3,6). Hence J2i=i'l^^ ^ Now 
suppose 0^ 7^ or 7^ 0, so cj)'^ + (j)'^ > tt/S, and again — 
We have then 

<y{u) > 77r/3 = 771-/3 + p{Z)tt/3. 

This completes Subcase B6.1. 
Subcase B6.2: p = 3. 
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Figure 79: 

In this case g = 1 and 

ct{u) > (57r/3) + (27r/3) {p{Z) +p{Y)) . 
If p{Y) then 

g{u) > (77r/3) + (27r/3)p(Z) > 27r + (7r/3)p(Z) + 7r/3, 
as required. 



114 



A.J. DUNCAN 




Assume then that p{Y) = 0. If p{Z) > 2 then 

cr(u) > (77r/3) + (7r/3)p(Z) > 27r + {ir/3)p{Z) + 7r/3. 

Next consider the case p{Z) = 1. In this case either we have two blue and 
one green C-vcrticcs adjacent to u or two green and one bhic. 

Subcase B6.2.1: p{Y) = 0, p{Z) = 1 and u is adjacent to two blue 
and one green C-vertices. 
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r/3\. 0' 



Figure 81: 



Suppose first that g{Z) = 1 in which case h(Z) = and b{X) = 2. 
Then we have the configuration of Figure 81. From Lemma 9.5 and 

Assumption 9.7, u must be incident to some class of arcs other than 
those shown in Figure 81. It foUows that Y^^i=i 0* — 37r/2 so a{u) > 
Stt/S. 

Now suppose b{Z) = 1 so that g{X) = b{X) = 1. This gives rise to 
two possible configurations depending on the cyclic order of the blue 
types X and Z around u. These two configurations correspond to 
Figures 82 and 83. In the configuration of Figure 82 it is possible 
that (p^ = if = . In this case u is incident to at least 2 classes 
of arcs not shown in Figure 82, using Lemma 9.5 and Assumption 9.7, 



116 



A.J. DUNCAN 




Figure 82: 



as before. Therefore if (f)^ = we liave ^ 0' > 37r/2. If then 
as (f^ > 57r/6 we have again '}2,(t>'^ > 37r/2. Hence <j{u) > Stt/S. 
In the configuration of Figure 83 again u must be incident to at least 
one more class than shown and so as before cr(u) > 87r/3. Hence in 
Subcase B6.2.1 we have 

(t{u) > 87r/3 = 27r + p(Z)7r/3 + 7r/3. 

Subcase B6.2.2: p{Z) = 1 and u is adjacent to two green and one blue 
C- vertices. 

This subcase follows by symmetry from Subcase B6.2.1. 
Subcase B6.2.3: The remaining Subcase of Subcase B6.2 is that in 
which piY) = p{Z) = 0. We consider only the case in which u is 
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Figure 83: 



adjacent to two blue and one green C- vertices. The case in which u 
is adjacent to one blue and two green C-vertices follows by symmetry. 
We have hi{X) = 2 and gi{X) = 1 giving the configuration of Figure 
84. If = (that is = x^) then u must be incident to at least 2 
classes of arc which are not shown, so > 47r/3. If > then 
(jy^ > 7r/3. As u is incident to at least 7 classes of arcs '^(f)^ > An/ 3 
again. Hence, when p{Z) = 0, we have a{u) > 77r/3 = 2tt+p{Z)tt/3 + 
7r/3. 

This completes Subcase B6.2. 
Subcase B6.3: p = 2.: 
In this case q = l and 



a{u) > TT + 27r/3 {p{Z) + p{Y)) , 
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Figure 84: 



with p{Z) = 0, 1 or 2. We shall show that 
(11.2) a{u) >2-K + p(Z)(7r/3) + 7r/3 >2-k + p(Z)(7r/3) + (p + l)7r/9, 

as required. 

First suppose p{Z) = 2. Then (up to reflection) we have the configu- 
ration of Figure 85. As |/Lt'| < I, for i = 1,2, it follows that there must 
be additional classes of arcs incident at ti. If ti is incident to no boundary 
classes of arcs other than jj} and /x^ then u is incident to at least 7 classes 
of arcs. If u is incident to 7 or more classes of arcs including exactly 2 
boundary classes then either (f)^ > tt/B and (p^ > Svr/B or 0^ > 27r/3 and 
> 47r/3 or 0^ > TT and (p^ > n. Hence 0^ + t/)^ > 2tt. On the other 
hand if u is incident to a boundary class of arcs other than fi^ and fi"^ then 
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Figure 85: 



either > tt/S and <j)^ > 27r or 0^ > tt and (j)^ > tt. Therefore, in Figure 
85, + (^^2 > 2n so a{u) >3n = 2tt+p{Z)tt/3 + n/3. 

Now suppose p = 2 and p{Z) = 1. Assume that is bhic and v"^ 
is green. If 6(F) = g{Z) = 1 or b{Z) = g{Y) = 1 then the argument 
above, for the case p = p{Z) = 2, can be used to show that (j{u) > 
271 +p{Z)tt/3 + 27r/3. Hence we may assume that either b{X) = g{Z) = 1 
or h{Z) = g{X) = 1. 
Subcase B6.3.1: p = 2, p{Z) = 1 and b{X) = g{Z) = 1. 

We have the configuration of Figure 86. Again u must be incident to 
at least 3 further non-boundary classes of arc or 1 further boundary 
class. 

If u is incident to three or more further classes of arcs then (f)^ > 7r/2 
and 02 > 47r/3 or 0^ > 57r/6 and (j)'^ > tt or (j)^ > 77r/6 and cj)'^ > 2-!t/3 
or 01 > 37r/2 and 0^ > ^/3. Thus 0^ + 0^ > IItt/S. 
If u is incident to more than one boundary class then either (f)^ > 7r/2 
and 02 > 47r/3 (since a\ = Tr/3) or 0^ > 37r/2 and 0^ > 7r/3. Thus 
0i + 02 > ll7r/6 in Subcase B6.3.1. Therefore a{u) > 87r/3 > 2tt + 
p{Z)tt/3 + tt/3. 
Subcase B6.3.2: p = 2, p{Z) = 1 and b{Z) = g{X) = 1. 

This follows by symmetry from Subcase B6.3.1. 
Finally we consider the case p = 2 and p{Z) ~ 0. Assume that is 
blue and v"^ is green. Then in the cases giY) = b{Y) = 1, giY) = b{X) = 1 
and g{X) = b{Y) = 1 the arguments used above in the cases p{Z) = 1 and 
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Figure 86: 



2 go through to give (11.2). Suppose then that g{X) = b{X) = 1, giving 

the configuration of Figure 87. Note that cf)^ = ii and only if = . 

If u is incident to more than 6 classes of arc then c/)^ + 0^ > 57r/3. If u is 
incident to a boundary class then either = 7r/3 and (p^ = w ot (fy^ = it / 3 
and 01 > 47r/3 or 0^ > 2tt/3 and > tt or > 5,^/3 g^^^^ ^1 > q a,ll 
except the first case 0i + (/>^ > Stt/S, so a{u) > 7tt/3 > 27r+p(Z)7r/3 + 7r/3. 
Also the first case, with (fr^ = w/S and (p^ = tt, gives (up to reflection) 
configuration AA of Figure 30, in which the arc not C-vertices as angles 
have previously been adjusted, so this docs not occur. 

This completes consideration of Subcase B6.3 and shows that if u is incident to 
more than one vertex of type Cj^{v) then an angle adjustment may be made to 
give all vertices involved negative curvature of at most — 7r/15, hence completing 
Case B of the proof. 

To complete the proof of the Proposition we consider configuration D'6, where 
u is of type CO{v), v of type CC'^{v) and p = 1 as in case A2.4. Let /?' be the 
boundary component of S to which u is incident. Suppose first that /?' is oriented, 
in Figure 61, from left to right. Assume first that x occurs as vertex u\ in only 1 
C-configuration (namely that appearing in Figure 61). Then in Case A2 with u of 
type CQ(v) either we have adjusted angles in A5, increasing a^ and decreasing ae, 
so that k{x), k{u) < — 7r/12, or we found that u was of type Dj{a), with j = 0, 1, 2 
or 3. If we adjusted angles ag and 0:7 in Case A2 then we make further angle 
adjustments, increasing a4 by 7r/18 and decreasing as and aio by 7r/36, so that 
K,{x), k{u), k{v) < — 7r/18. On the other hand if u is of type Dj{a) then, since /?' is 
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Figure 87: 



oriented from left to right, x is of type Dj{b) and the only possibility is that j = 3. 
This gives rise to configuration DQ, with v of type D&{a) and u of type DQ{b). 

Now with /?' still oriented from left to right assume that x occurs as ui in g > 1 
C-configurations. If the C-vertices of these C-configurations are u,V2, ■ ■ ■ ,Vq then 
we have the configuration of Figure 88. In Case B above angles on u, x,V2,---, Vq 
were adjusted so that each of these vertices had curvature at most —tt/15. Hence 
we may further adjust angles a4 and so that k{u), k{v) < — 7r/30. If say Vi is 
also a vertex of type D'6{u) and x is the corresponding vertex of type D'6{x) then 
similar adjustments are made to the angles of Vi and the corresponding vertex of 
type D'6{v). 

Now suppose that (3' is oriented from right to left in Figure 61. If y occurs as 

vertex ui in only one C-configuration then, from Case A2 with u of type CO(w), 
either we may adjust angles as and ag in Figure 61 so that k{u), K{y) < — 7r/12 or u 
is of type Dj{a), with j = 0, 1, 2 or 3. The latter cannot occur as is oriented from 
right to left. Therefore we may make further adjustments to angles a^, as, ag and 
ag so that k,{u), k{v), K{y) < — tt/IS. If on the other hand y occurs as vertex ui in 
more than one C-configuration then, as in the case of f3' oriented from left to right, 
we may adjust angles 04 and as so that k(u), k{v) < — 7r/30. Furthermore wc may 
make such adjustments simultaneously over all configurations of type D'6 in which 
y occurs as the vertex of type D'6{y). This completes the proof of Proposition 11.1. 

12. Final angle ad,tustment 

We now make final adjustments to the assignment of angles to corners of ver- 
tices. These adjustments are carried out on those configurations of type Dj where 
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Figure 88: 



the angle of type Dj{a) has curvature greater than — 7r/30: that is. those arising in 
the proof of Proposition 11.1 in which angles were not adjusted. In all such config- 
urations the vertex h is incident only to one C-vertex (namely the vertex Dj{a)). 
In configurations Dj, with < j < 3 we transfer angle of tt/S from the corner 
of b in Ai to the corner of a in Ai. Note that since configuration D6 contains 
configuration D3 this results in a transfer angle of 7r/3 from the corner of / in A4 
of D6 to the corner of b in A4 of D6. Having made all the above adjustments to 
the angle assignations we make the following definitions. 

Definition 12.1. Let Vn = {v eV : k{v) < -7r/30}, let Vq = Vn U Vb, let 

Vk,B = {v gV : V is distance at most k from Vb}, 
and let Vz = V\Vg (where Vb is defined in Definition 6.4). 

Lemma 12.2. After final angle adjustment k{v) < 0, for all v € V\Vi,b and 
k{v) < TT, for all V £ Vi,b. Furthermore if v G Vz\Vi,b then either 

(i) V is of type BA{a) or 
(a) V is of type Dj{a), j = 0, . . . ,9 or 
(Hi) V is of type Dj{b), j = 0, . . . ,9 or 
(iv) V is of type Ij{a) or its mirror image, j = 0, . . . , 6. 

Proof. It follows from Theorem 9.8 and Corollary 9.4 that before the angle adjust- 
ments made in the proof of Proposition 11.1 either v is interior and k{v) < or w 
is a boundary vertex and k(v) < tt, for all v G V. Thus k(v) < tt, for all v €E Vi.b- 
From Theorem 9.8, if v is an interior vertex not in Vi,b then k{v) < — 7r/3, so 
V e Vn- If is a boundary vertex not in Vi,s and v meets 9S in 2 or more classes 
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Figure 89: Configuration Fl 



of arcs then Corollary 9.4 and Proposition 9.6 imply that either v € Vjv or (iv) of 
the Lemma holds. If u is a boundary vertex not in Vi,b and v meets dT, in exactly 
1 class of arcs then, from Theorem 10.1, cither v G Vn, (i) of the Lemma holds or 
u is a C-vertex. Moreover k{v) < 0, when (i) or (iv) of the Lemma holds. 

The angle adjustments made in the proof of Proposition 11.1 affect only C- 
verticcs and their adjacent vertices of type ui and result in curvature being at most 
— 7r/30 for all vertices affected. Hence all of the above holds after these adjustments 
have been made with the following two exceptions. Firstly, if t; is a boundary vertex 
not in Vi,B and v meets 9E in 2 or more classes of arcs then either v G Vat; or (iv) 
of the Lemma holds; or v is of type Dj{b), < j < 3. Secondly, if i; is a boundary 
vertex not in Vi,b and v meets dT, in exactly one class of arcs then either v G Vjv 
or (i), (ii) or (iii) of the Lemma holds. 

Final angle adjustment affects only vertices in (ii) or (iii) of the Lemma, so all 
of the above still holds and in addition k{v) < when (ii) or (iii) of the Lemma 
holds. 

Definition 12.3. We say that a vertex v is of type Fj{a) if 

(i) V occurs as vertex o in a configuration Fl or F2 of Figures 89 or 90, 
respectively, and 

(ii) the configuration Fj in which v occurs contains no i?^-arcs. 

Theorem 12.4. IfvGV then either 

(i) V is of type Fl{a) or F2{a) or 
(ii) V is distance at most 3 from Vg- 



Proof. We may assume that v G Vz otherwise (ii) holds trivially. Let v G Vz he 
distance more than 1 from Vg- From Theorem 12.2 it follows that v and all its 
adjacent vertices are of type Ij{a) or its mirror image, with j = 1, • • • ,6, type 
54(a), type Dj{a) or type Dj{b) with < j < 9. Note that vertices of type Dj{b), 
with j = 4 or 5 are also of type S4(a) and that vertices of type £'6(6) are of type 
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Figure 90: Configuration F2 



D3{a). Thus once we've shown that a particular vertex is not of type B4(a) or 

D3{a) then this vertex cannot be of type Dj{b), j = 4, 5, 6. 
Case : v of type 54(a): 

We show that in this case v is either of type F2{a) or is distance at most 
2 from Vg- Assume then that v is distance at least 3 from Vq- Let the 
vertices incident to v be Vi of type i?4(aj), i = 1, • • • , 4, as in Figure 39. 
Consider first v\. If vi where of type Dj{a) then v would necessarily be of 
type Dj{c) so, from Theorem 10.1, the boundary class incident at v would 
have width at most /. As this boundary class has width more than 21, 
Vi is not of type Dj{a). Furthermore v\ is incident to a region Ai with 
/9(Ai) = 3, so fi cannot be of type Ij{a). Therefore vi can only be of type 
Djip), j = 0, . . . , 9 or BA{a). Moreover v\ cannot be of type D2>{h), since 
such vertices are not incident to any vertex of type BA{a). Suppose that 
vi = Dj{b) with < J < 2. Since v is neither of type DO{f) or Dj{a) it 
follows that V is of type Dj(d), forcing the configuration of Figure 91(a). 
Since we consider the case where v\ is of type B4(a) below and v\ cannot 
be of type Z)3(a), we need not consider the possibilities that vi is of type 
Dj{b), with j = 4, 5 or 6. If vi is of type D7{b) then v must be of type 
D7{d) and we obtain the configuration of Figure 91(b). If vi is of type 
D8{b) then, as v is of type i?4(a), the only possibility is that v is the 
corresponding vertex of type D8{d). However Vi cannot then be of type 
S4(ai) so this cannot occur. If v is of type D9{b) then v must be of type 
D9(e). However in this case vi is a C- vertex and the class of boundary 
arcs incident at v can have width at most /. As v is of type i?4(a) this 
class is in fact of width at least 21, so vi cannot be of type D9{b). 

If vi is of type _B4(a) then we have the configuration of Figure 92(a), 
and we consider vertex 112. Clearly 112 is not of type D3{b). If V2 is not 
adjacent to y then, as vi is of type B4(a), y and V2 must both be incident 
to the same boundary component, as shown in Figure 92(b). As V2 must 
be incident to some further arcs and the angle </> in Figure 92(b) must be 
tt/S it follows that V2 and V3 are adjacent. By inspection of the regions 
incident at V2 we see that V2 cannot be of type _B4(a), Ij{a) or Dj{b). 
Therefore V2 is of type Dj{a) and we obtain the configuration of Figure 
93(a). Suppose, on the other hand that, in Figure 92(a), V2 is adjacent 



EXPONENTIAL GENUS PROBLEMS IN ONE-RELATOR PRODUCTS OF GROUPS 125 




(a) (b) 



Figure 92: 



to y. Then if V2 is of type BA{a) we obtain the configuration of Figure 
94(a). If V2 is of type Dj{a) then, as V2 is aheady adjacent to v, vi and 
y, it follows that V2 must be of type Dj{a) with j > 4 and must be 
incident to 9S, as shown in Figure 93(b). It follows that V2 must have 
type DA{a) and y must have type DA{c). Inspection of regions incident 
to V2i in Figure 92(a), show that V2 cannot be adjacent to y and of type 
Dj{h), with < j < 9. 
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Wc conclude that if v is of type BA{a) then we have one of the config- 
urations of Figures 91(a), 91(b), 93(a), 93(b) or 94(a). In Figures 91(a), 
91(b) and 93(a) the vertex V2 is a (7-vertex and this forces the boundary 
class incident at in Figures 91(a), 91(b) and 93(a) to have width at most 
I. Hence can only be of type Dj{h), with < j < 3. Consideration of 
its incident regions shows that cannot be any of these types so Figures 
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91(a), 91(b) and 93(a) do not occur. In Figure 93(b) as, by assumption, v 
is distance more than 2 from Vg we have y S Vz- However, as y is of type 
D4(c) the boundary class incident at y in Figure 93(b) has width at most 
I. Hence y must be of type Dj{b), with < j < 3 or 7 < j < 9. As this is 
clearly not the case the configuration of Figure 93(b) does not arise. 

Hence the only possible configuration is that of Figure 94(a). Clearly 
vs is not then of type Ij{a). If were of type Dj{a) then the boundary 
class incident at V2 could have width at most I, whereas it has, in this 
case, width greater than 21. As above Vs is not of type Dj{b) so must 
be of type i34(a). A similar argument shows that V4 is of type -B4(a). This 
implies that v is of type F2{a). 
Case : v of type Dj{a), < j <9: 

Now consider the case where v is of type Dj{a), for < j < 9, and is 
distance more than 1 from Vg- Let the vertices adjacent to v he vi, V2 and 
^3 of type Dj{b), Dj{d) and Dj{c) respectively. Consideration of regions 
to which Vi is incident, shows that Vi cannot be of type Ik{a), for all i, 
j and k. Furthermore V3 cannot be of type B4(a) or a C-vertex, as V3 
meets dT, in a class of width at most /. Hence V3 must be of type Dj{h), 
with < i < 3. 

Subccise : v of type DQ{a): 

Suppose ^3 is of type -DO (6). Then consideration of regions incident 
to Vz shows that V2 and vz are adjacent and that V2 is the vertex of 
type DQ{a) corresponding to the type 1)0(6) vertex v^. We therefore 
have the configuration of Figure 94(b), including the dashed vertex 
and arc. However in this figure both boundary classes incident to v\ 
are of width less than I, so Vi is incident to fewer than ml arcs, a 
contradiction. A similar argument shows that V3 cannot be of type 
Dj{h) with j = 1 ov 2. If vz is of type £>3(6) then v must be of type 
£>3(a), which is not the case. Therefore v cannot be of type DQ(a). 
Subccise: v of type Dj{a), j = 1 or 2: 

The argument of the previous case applies to show that v cannot be 
of these types. 
Subccise: v of type D3(a): 

If Vz is of type Dj{b) with j < 2 then V2 must be of type Dj{a), 
with j < 2, and V2 and vz must be adjacent. Here vz is incident to 
fewer than ml arcs, so this cannot happen. If vz is of type £>3(6) 
then V must be the corresponding vertex of type D3{a), but this is 
impossible, given the orientation of boundary components and the 
existence of a vertex of type D3{f). Therefore v cannot be of type 
D3(a). 

Subcase : v of type _D4(a) or D5(a): 

In this case vi is of type i?4(a) and hence, using the Case: v of type 

i?4(a), is a distance at most 2 from Vg- Therefore v is distance at 

most 3 from Vg- 
Subcase : v of type D6{a): 

As vi is of type D3{a) the distance of vi from Vg is at most 1 so that 

v is distance at most 2 from Vg- 
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Subcase : v of type D7{a): 

Since vi is of type CC^{v) it follows that V2 is of type Dj{b) and V2 
cannot be a vertex of type i?4(a) or a C-vertex, so < j < 3. It is 
easy to check that V2 cannot be of these types, so v cannot be of type 
D7{a). 

Subcase : v of type D8{a): 

If V3 is of type Dj{b), with < j < 2, then vz is adjacent to V2 which 
must therefore be of type B4{a). In this case v is distance at most 
3 from Vg- If ^^3 is of type D3{b) then v is of type D3{a), which it 
cannot be. Therefore if v is of type D8{a) then v is distance at most 
3 from Vg- 
Subccise : v of type D9{a): 

If ^3 is of type Dj{b), with j < 3, then V2 is incident to fewer than 
ml arcs. Therefore v is not of type D9{a). 
Case : v of type Dj{b), with < j < 3: 

The vertex v is adjacent to a vertex of type Dj{a), with < j < 3, which, 
from the above, is distance at most 1 from Vg- Hence v is distance at most 
2 from Vg- 
Ccise : V of type Dj{b), with 4 < j < 6: 

In this case v is of type i34(o) or D3{a) so, from the above it follows that 
V is distance at most 2 from Vg- 
Case : v of type Dj{b), with 7 < j < 9: 

If j = 7 or 9 then Dj{a) is distance at most 1 from Vg so v is distance 
at most 2 from Vg- If J = 8 then, from the case v of type D8{a), if v 
is distance more than 2 from Vg then the corresponding vertex of type 
D8{d) is also of type -B4(o), so is distance at most 2 from Vq- Hence v is 
distance at most 3 from Vg- 
Case : v of type Ij{a): 

Assume V is distance more than 3 from Vg- As vertices of type BA{a) and 
Dj{a) are neither adjacent nor paired to a vertex of type Ij{a) it follows 
that V can be adjacent or paired only to vertices of type Ij{a) or Dj{b) 
with j = 0, • • • ,9. If u is adjacent or paired to a vertex of type Dj{b) then, 
by inspection, < j <3 and from the above v is distance at most 3 from 
Vg, a contradiction. Hence all vertices to which v is adjacent or paired are 
of type Ij{a). It follows that v is of type Fl{a), Figure 89, and the result 
follows. 

This completes the proof of the theorem. 

We partition Vz into Vf = {v G Vz ■ v is of type Fl{a) or F2{a) } and Vd = 
Vz\Vf- 

Lemma 12.5. The number of vertices in Vd is bounded above by 

\Vd\ < {mlf\VG\- 

Proof. If u e Vd, then v ^Vg but the distance of v from Vg is at most 3 (Theorem 
12.4). 
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13. ISOPERIMETRY 

Let (h, n, t, p) be a positive 4-partition of {h, n, t,p) G Z^, C a consistent system 
of parameters and z a special element of {H^, C, n, h) and let H be the homogeneous 
system of parameters associated with z and £. Then z is a special element of 
(i7*,7i,n, h) Throughout this section F is assumed to be a reduced, minimalistic 
picture over G on a compact surface S of type (n, t,p) with boundary partition 
b = (61, ... , bwi), prime labels z and labelled by a{z), for some solution a to H. 
Let T> denote the set of boundary components of E. Then 

V n -D 

= ^ (27r - <7{v)) + ('^(A) - tiA)n + 2nx{A)) 
V n 

V 

= E 2^ + E (-*(A)^ + 27rx(A)) 

V n 

= 27r(||V| + ^(-(l/2MA)+x(A))^ 
= 27r |^|V|-|^|+5]x(A)j =27rx(S). 

That is 

(13.1) '^(^) + E + E «(/5) = 27rx(S) 

«ev Ae7^ p^v 

Definition 13.1. The Z-subspace of F is the union of all maximal designated 
corridors of F. 

Definition 13.2. Let C = {D,Vd,Ij) be a maximal designated simple j'-corridor, 

where j = 0, 1 or 2. Assume that the image of C under /i is a disk, let c be the 
width of C and let F/^ = r£)(0) or Fi3(c — 1). If Tjj is a picture of type square-j then 
/i(r^) is called an j -corridor-boundary. Let Ehea. maximal designated 2-corridor 
with foundation Cq = (Do, Fj^j, , /io) and extension Ci = (-Di, Fjj^ , /ii) and with 
image a disk. Then E has one compartment Fq which is not a compartment of Ci 
and one compartment Fi which is not a compartment of Cq. The image /i(Fi) is 
called a 2 -corridor-boundary, for i = 1, 2. A j-corridor-boundary with j = 0,1 or 
2 is called a corridor-boundary. 

The image of every corridor is an annulus a Mobius band or a disk. Every 
corridor, of width at least 2, which has image a disk has two corridor-boundaries 
or consists of a unique arc of type /. 

Proposition 13.3. The number of -corridor-boundaries is bounded above by 
3{ml{ml + iflVcl +Wo- 2x(S)) + {6ml + W)Wi. 
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Proof. Let 7^1 = {A G 7^ ; A is not contained in the Z-subspace of F }. For 
A S TZi define /(A) = number of 0-corridor-boundaries meeting dA. Let TZ^ = 
{A e 7^l : < /(A) < p(A)}. Then 

(13.2) ^(^) ^ E '^(^)- 

Ae-R,2 Ae-R.2 

Let 

7^3 = {A G 7^1 : 7(A) > p(A) and A is not collapsible} 

and 

7^4 {A G 7^l : /(A) > p(A) and A is collapsible}. 

Then A GTZaUTZ^ implies that £(A) > /(A) > p(A). Let A G 7^3. If p(A) > 1 
then 

«(A) < (p(A) - e(A)) V2 < (P(A) - J(A)/3) tt, 
using the proof of Lemma 9.2. If p(A) = 0, then 

.j(A)<(-£(A)+2x(A))7r. 
If p(A) = and x(A) < then 

k(A) < -e(A)7r < -/(A)7r < -/(A)7r/3 

= (p(A)-/(A)/3)7r. 

If p(A) = and xi^) = 1) then t{A) = e{A) > 2, since F has no trivial boundary 
labels. If e(A) = 2 then A is collapsible so A ^ 7^.3. Hence £(A) > 3 and 

k{A) < (-e(A) + 2)7r < -ff(A)7r/3 < (p(A) - /(A)/3) tt. 

Therefore if A G 7^3 then 

^(A)<(p(A)-/(A)/3)^. 
As k(A) < 0, for all regions A (Lemma 9.2), we have 

^«(A)< ^ «(A)< ^ (p(A)-/(A)/3)7r. 
Also, from Lemma 12.2 and Lemma 6.6 

V 

as the number of vertices at distance at most 1 from an iJ^-vertex is at most ml. 
Hence, using (13.1) and Lemma 9.1, 

27rx(S) < 2(mZ + l)M^i7r + ^ (p(A) - /(A)/3) tt + Wott, 

Ae7^3 

so 

(13.3) Y, ^(^) ^ 6(m« + l)Wx + Y, 3P(A) + 3Wo - 6x(S) 

Now let A G 7^4. Then A G 7?.i implies that dA contains an H^-bxc so there are 
at most 2Wi regions in TZ^. As A is collapsible we have £(A) = t{A) = 2 and so 
/(A) < 2. Therefore 

(13.4) Y ^(^) ^ 

AeK4 
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Now consider a vertex v which meets 9A, for some region A G Ti2 U TZ^. Then 

V cannot be of type F2{a) as no region incident to a in F2 meets a 0-boundary. If 

V is of type Fl{a) then A and v both belong to the same j-corridor, contrary to 
choice of A G 7^1, unless v is an i?^-vertex (that is t; e Vs C Vg)- Hence, from 
Theorem 12.4, v is distance at most 3 from Vg- Every vertex has degree ml, so if 
a vertex is paired to p vertices and joined to q vertices then p + q < ml. Hence the 
number of vertices which are distance at most 3 from \Vg\ is less than or equal to 
{ml + 1)^|Vg|- a vertex meets at most ml regions so 

(13.5) p{A) < ml{ml + 1)^|Vg|. 

Prom (13.2), (13.3) and (13.4), it follows that 

H^)< Y 3p(A) + 6(mZ + l)W^i+3W^o-6x(S)+4VFi. 

Ae7Z2U7?.3UTC4 Ae7^2U7^3 

As the number of 0-corridor-boundaries is at most X^Ae-RsU-RaU-Ri -^(^) result 
follows from (13.5). 

Lemma 13.4. There are fewer than 

n + 3{{ml + iflVcl + Wq - 2x(S)) + {6ml + W)Wi 

maximal designated corridors ofT. 

Proof. Suppose C is a maximal designated j-corridor and let Cd be the image of 
the C. If Cd is an annulus or Mobius band then Cd is a connected component 
of S. As S has n boundary components there are at most n maximal designated 
corridors of this form. Assume then that Cd is not an annulus or Mobius band, so 
Cjj is a disk. If j = then C has a 0-corridor-boundary. Prom Proposition 13.3 
there are at most 

Co = 3{ml{ml + 1)^|Vg| + Wo- 2x(S)) + {6ml + m)Wi 

corridors with a 0-corridor-boundary. If j > 1 then cither C has 2 0-corridor 
boundaries or a j-corridor-boundary. If C has a j-corridor-boundary Tp with 
vertex v then v cannot be of type Fj{a). Hence v is distance at most 3 from 
Vg, from Theorem 12.4. The number of vertices distance at most 3 from Vg is 
less than or equal to ci = {ml + 1)'^|Vg| so there are at most ci corridors with a 
j-corridor-boundary, J > 1. The result follows. 

Lemma 13.5. The number of vertices in Vn is bounded above by 

\Vn\ < 30{2{ml + l)Wi + Wo- 2x(S)). 
Proof. From (13.1) and Lemma 12.2 we have 

27rx(S) < Y «(^) + E '^(^) + E '^(^) + E 

and, using Lemma 6.6, Lemma 9.1 and Lemma 9.2, this gives 

27rx(S) < -(7r/30)|Viv| + 2(m/ + l)Wnr + Wqit, 
from which the result follows. 
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Definition 13.6. Wc define 

Bi = Bi{z) = 2Wi + 30(2(m/ + l)Wi + Wa - 2x(S)) and 
B = Biz) = 2Wi + ml{{mlf + l)Bi + M{z){n + 3((toI + 1)% + Wq - 2x(S)) 
+ {6ml + W)Wi). 

Theorem 13.7. Let T be a picture over G as described at the beginning of this 
section. Then the number of arcs \A\ ofT satisfies \A\ < B. 

Proof. Let y be an arc of F and assume first tiiat y is not contained in the Z- 
subspace. If y is incident to no vertex tlien tlie conditions on T imply that y is an 
H^-sltc. If y is incident to a vertex v then v G Vg U Vd, as if w is of type Fj{a) 
then y is contained in the Z-subspacc. Hence the number of arcs of F which are 
not contained in the Z-subspacc of F is at most 

2Wi+ml\VG'JVD\- 

Prom Corollary 7.11 and Lemma 13.4 there are at most 

M(z)(n + 3{{ml + 1)^\Vg\ +Wo- 2x(S)) + {6m.l + 4:)Wi) 

arcs in the Z snbspaco (note that M{z) = M(z): see Section 3.1). The result now 
follows from Lemma 12.5 and Lemma 13.5. 



Let A/" = A/'(h, n,t,p) and I = l{r). Consider first the CJ5(h, n, t,p) problem 
when h is a partition of h = 0. In this case the problem reduces to the Q-problem 
and, as in Example 5.7, under the current hypotheses is solvable in {G,A,B,Hi : 



We may therefore assume that h is a partition of a positive integer h, that n is 
a partition of a positive integer and that there is some i such that hiUi > 0, since 
otherwise the system reduces to the Q problem again. It follows that the positive 
4-partition, of length 1, (1, 1, 0, 0) G M. The hypothesis on {A, B,Hi : i € I) now 
implies that A, B, Hi all have soluble word problem. It follows from Lemma 
5.5 that, in {G, A, B, Hi : i Q I), the Q£{h,n,t,p) problem is solvable if the 
SG£{h", n", t", p")-problem is solvable for all positive 4-partitions (h", n", t", p") 
of {h,n",t,p) such that n" G Z and (h",n",t",p") < (h, n, t,p). Such partitions 
(h", n", t", p") are in TV. It therefore suffices, using the argument at the beginning 
of the proof of Theorem 5.8 in Section 5.1, to show that the SQ£{h, n, t, p)-problem 
is solvable in (G, A,B,Hi : i G I), where n is a partition of an integer n > 1. 

Let iA, is and f» be symbols not in / and let J = IU{iA, is}- Let K = JU {z*}, 
Xi, = {iAjis} and Xj = {j}, for all j € J. Set Hi^ = A and iJj^ = B so 
H^^i^ = H and, with Si. = {s} we have Gj, = G. Set Sj = 0, for all j e J. Then 
= A, H^.ig = B, H^s = Hi, for all i e 7 and Gj = H^j, for all j G J. If C is 
a consistent system of parameters and 



14. Proof of Theorem 5.9 



i e J). 




then the equation Q associated to z has environment 
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The SG£{i^, n, t, p) problem is solvable if, given such z, which is in addition special, 
there exists an algorithm to decide whether or not Q has a solution and if so to 
output one. 

Assume then that z is a special element of ((jk^K^*,k^ • Reordering the 

elements of z if necessary we may assume that we have a positive integer u such 
that z is supported over n with basis (oi, . . . , Ofc), where = i*, for i = 1, . . . , m 
and ttj e J, for i > u. Then z = Zi, Z2, h = hi, h2 and n = ni, n2 where 

zi = (zi, . . . ,z^„_^J g {H^,C, ni^hi), 

Z2 = . . . , e (^A^ U U Uie,^^ "2, ha) , 

hi = (/ii,...,/ij, 
h2 = {hu+i, • ■ • , hk), 
ni = (ni, . . . ,n„) and 
n2 = • • • 

where /Xj = /Xi(n) as defined in (3.9). Define 

ti = (ii, . . . , tu), 
t2 = (iti+i, • • • ,i/c)) 
Pi = (Pi,---,P«) and 
P2 = (p«+i, • • • ,Pfe), 
so that t = ti,t2 and p = pi,P2- Then 

(hj,nj,ti,pi) G A/', fori = 1,2. 

Let 

Q = 0(z, £, n, t, p) = (q = 1, /3, £), 

let 

qi = {Q{^j>nj,tj,pj) : j = 1, . . . m) and q2 = {q{£,j,nj,tj,Pj) : j = u + 1, . . . k), 

Pi = PlLoim) and Qi = (q^ = l,Pi,C), for i = 1,2. 
Let be the homogeneous equation associated to z and £ and suppose that 
Qh = (q = ^,Pni'^)- Define Tii to be the set of elements of li containing param- 
eters which occur in zj and 

where = /3w|L£,(qj), for « = 1,2. Then Qui is the homogeneous equation 
associated to zi. Up to relabelling of parameters it is also the case that Qn2 is 
the homogeneous equation associated to Z2. As z is special so is z^ and hence also, 
using Lemma 4.11, is Qui- The equations Qi and Q-Hi have environment 

while Q2 and Q-H2 have environment 

((^i)iej; {Hj)j^j)^. 
If {(f), a) is a solution to the equation Q then define 

<f>i = ^k(qi)> for i = 1,2. 
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Then a) is a solution to Qi and (02, a) is a solution to Q2- Conversely suppose 
we are given solutions (i^j, a) to Qi, for i = 1,2. Define 

(j) : F{L{q)) — > H*A*B* *ieiHi 
(14.1) by (l){x) = (t>i{x), for x e L{qi). 

Then ((/), a) is a solution to Q. 

Assuming that a solution {(j), a) to Q exists then there is a picture F on a surface 
E of type (ni,ti,pi) such that(Q;,r) corresponds to the solution (0i,a) to Qi. A 
minimal picture on S with the same boundary labels as T then exists, and corre- 
sponds to a, possibly different, solution to Qi- Together with 02 this solution to 
Qi can be used, as in (14.1), to construct a new solution to Q. Hence we may as- 
sume that r is a minimal picture. (Sec Definition 6.16, Definition 6.9 and Corollary 
6.15.) Let Ts be a Z-reduced picture obtained from F by Z-cancellation. Then 
Fg is reduced and minimalistic and, using Lemma 7.17(ii), determines a solution 
as to Til such that (a^jF^) corresponds to some solution {(f>s,as) to Qui- that is 
Fg is a basic picture for (zi,£). From Theorem 7.19 there exists a solution ccq to 
jC U jC{rs, P), where P is the subgraph of some path in the Z-graph G{zi) of zi, 
with initial vertex ^(Fj,). Furthermore ao may be chosen so that ao(A) = a(A), for 
all A e A occuring in Q. 

Since partisan regions are not involved in Z-cancellation, the partisan regions 
of F and Fg are the same. Let A be the closure of a partisan region of F. Assume 
that A is a V-region, where V = A or B and that A is the sum of t' = t'{A) 
torii with p' = p'{A) projective planes and has k' = fc'(A) boundary components 
f3[, . . . , /3^, . Assume further that /3J , . . . , contain partisan boundary intervals of 
F, whilst P'd'+i, • • • , do not. Fix as base point in (3j an end point of an arc of F 
(or a point of a boundary partition of a component of dT,, if /9j does not meet an 
arc of F). Starting at the base point and reading prime labels of boundary corners 
and labels of vertex corners as they occur in order around (3j gives the prime label 

"3 

v,=v,iA)^llih,„f„)eV^ 

i=l 

of Pj. Reading labels of both boundary corners and vertex labels we obtain the 
label of (3j which, by construction, is equal to a{vj). If we identify {v, 1) € with 
V gV then, for j = d' + 1 , . . . , fc' , the prime label is the same as the label of P'j , since 
f3j contains no partisan boundary intervals for such j. Thus, for j = d' + 1, . . . , k' , 
the label (and prime label) of is a fixed element vj of V. The prime labels of 
boundary components of A are called the prime boundary labels of A. 
Setting 

v(A) =vi,...,Vk' 

and h'{A) = H^jU we have v(A) G {V^, C, [k'), Qi')) and, using property P3 

of pictures, A determines a solution to Q{^f{A), C, {h'), (k')) in V. 
We have 

r = Fi u • • • u r„, 

where F^ is a picture on a surface Sj of type {ni,ti,pi). Let Fq be the connected 
component of F containing A. Then Fq is a component of a sub-picture Fj of F, 
for some i with 1 <i <u. Thus Fq is a picture on a connected surface Sq of type 
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(no, fo,Po), where no < Ui, to < U and po < Pi- As A is a region of a picture on So 
we have 

(14.2) 2t' +p' <2to+Po<2ti+Pi. 

As r is minimal so is Fq and so, from Proposition 6.11, we have x(^) ^ x(^o)- 
That is 

2-2t' -p' -k' > 2 -2to-po- no > 2 -2U -Pi- m 

(14.3) so k' <ni + 2{ti-t')+pi-p'. 

Let r have a total of n' partisan regions Ai , . . . , A„' . Assume that Aj is a 
F,- region, where V^- = A or B, and that Aj is the sum of t'{Aj) torii with p'(Aj) 
projective planes and has k'{Aj) bomidary components of which d'{Aj) are partisan 
whilst the others are non-partisan. Let k be the number of partisan regions of Fj, 
let 

i 

oJo = and let oJi = li, for i = 1, . . . ,u, 

so uju = n'. We may assume that Aj is a region of Fj for all j such that + 1 < 
J < LUi- Set 

= v(Aj), for j = l,...,n', 
V = Vl , . . . , v„/ , 

h' = /i'(Ai),...,/i'(A„0, 
k' = fc'(Ai),...,fc'(A„0, 
t' = i'(Ai),...,t'(A„/) and 

p'=p'(Ai),...,p'(A„,). 

Then 

(14.4) V e (yl^ U B^,£,h',k'). 

Also < Zj < /ij, as the boundary of every partisan region contains at least one 
proper exponential il-letter. Moreover 

E h'{Dj)<hi 

j=Uli-l+l 

and (14.2) and (14.3) hold, with k' {Dj),t'{Dj),p'{Dj) in place of fc', for + 
1 < j ^ i^i and i = 1, . . . , u. Hence 

(14.5) (h',k',t',p') G AA(hi,ki,ti,pi) C A/-. 

The equation associated to v is Qa = Q(v, C, h', k'), an equation with environment 
{Xi^,Xig;A,B;A,B)^. Set (^^a = ?^U(v)- Then, since ao(A) = a(A) for all A 
occuring in Q, the pair ((^AjOo) is a solution to Qa = Q(v, £, h', k'). Let qa be 
the system of quadratic words in standard form and /3a the map from ^^(qA) to 
U B^ such that Qa = (qa = 1, /3a, .C). 
Let {hi, fi), . . . , {hwi, fwi) be the letters of Zi, where Wi = Wi{zi). Form a 
system of parameters C~{Ts,P) from £(rs,P) by deleting those equations fq = 
as{Xq) from £(Fs,P), for all g such that {hq,fq) is a proper exponential //-letter 
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with hq € A (j B. Now, since elements of A occurring in C{Ts, P) do not occur in 
Qi and we may choose then so that they do not occur in Q, we have 

z" = v,Z2 G (A^ U U I J lfi^,£u£-(r«,P),h",n"), 

where h" = h', h2, and n" = n', n2. Define t" = t', t2 and p" = p', P2 and 
Q" = Q{z", cue- {Ts, P), n", t", p") 
= (q" = l,/3",£u£-(r«,P)), 
a system of equations with environment {{Xj)jQj; {Hj)j^j; {Hj)j^j)^. Define 

by '/>o|L(qa) = and 4>o\l{ci2) = ^\L{^2) = (t>2- Then (<;&o,Q!o) is a solution to Q" 
and (h",n",t",p") e^. 

Now Ys is a picture over G on a surface of type (ni, ti, pi) with partisan regions 
Ai, . . . , IS.nl ■ Removing boundary labels from partisan boundary intervals of Aj we 
replace these labels with the prime labels of the corresponding boundary intervals 
of Tg. We call the result a picture with partisan boundary labels stripped and denote 
it r~. Note that given (h, n, t, p), z and C the graph (j(zi) is uniquely determined. 
Given Tg the vertex viVg) of G(zi) is unique and, since {active left markings of 
Fg} = {active left markings of Fj} we may determine viVg) from Fj. We may 
therefore refer to this vertex as f(F~). Furthermore, from the above and Theorem 
7.19, if there exists a solution {(j),a) to (5(z,£, h, n) then there exists a .Z-path 
in G{zi) with path-subgraph P and with initial vertex ?;(Fj) and a solution ao 
to £ U OTstP)- Again /3~(Fs,P) may be constructed using only T~ , since the 
equation of £(Fs,P) corresponding to a partisan boundary interval with prime 
label {hq,fq), the qth letter of Zi, on partisan boundary component of F has the 
form fq = as{Xq), and so has been deleted. Hence we may refer to C~(Ts,P) as 
C~{Tj ,P). Also, given z, £, Fj and £~(Fj,P) we may construct the system Q" , 
which is again uniquely determined by these data. The existence of the solution 
{cf),a) then guarantees the existence of the solution {(f)Q,ao) to Q". Hence given a 
solution ((6, a) to Q we obtain the following. 

(a) A picture with partisan boundary labels stripped which is obtained (by 
stripping partisan boundary labels) from a .^-reduced, reduced, minimalistic, 
picture Tg such that {as,Ts) corresponds to a solution to Qhi for some retrac- 
tion a^: M — » Z. 

(b) The path-subgraph P of some Z-path in G(zi) with initial vertex w(F~) and 
a corresponding system of parameters C~ (F J , P) . 

(c) A system of equations Q" as above and solution {(po, ao) to Q" . 
Conversely, given the data of (a), (b) and (c) we may form a picture Ft from Fj as 

follows. Let (hi, /i), . . . , {hwi , fwi) be the letters of Zi and let bq be the boundary 
interval of with prime label {hq,Xq). Form Ft by assigning to the partisan 
boundary interval bq of Fj the label do(/i, /). Define a retraction at : M — > Z by 
O-tiXq) = ao{fq), if bq IS SL partisan boundary interval and at{Xq) = \bq\ otherwise. 
Then at is a solution to Hi and the boundary interval bq of Ft has label at{hq, Ag), 
for q = l,...,Wi = Wi{zi). Hence (at,rt) corresponds to a solution {(pt,cet) to 
Qm- Note that v{Tt) = v{Tj) = w(Fs) in G'(zi) and that /:-(Fs,P) = /:-(Ft,P). 
Therefore ao is a solution to £~(Ft,P) and so also to £(Ft,P). It follows from 
Theorem 7.19 that there exists a solution ac to £ and a picture Fc obtained from Ft 
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by Z-insertion along a path with path-subgraph P such that {ac,Tc) corresponds 
to a solution {(j)c,ac) to Qi. In fact, since ao is a solution to £ U C{Tt,P) and 
ao{X) = ac(A), for all A occuring in zi or C we may take ttc = ao. From {ao,To) 
we obtain a solution (0c, ao) to Qi. If 02 = 4>o\l(ci2) then (02, ao) is a solution to 
(52- Using (14.1) wc obtain a solution (0, ao) to Q. 

It therefore suffices to determine whether the data of (a), (b) and (c) exist and 
if so to find it. We describe an algorithm, similar to those described in [7], [8] and 
[9], which solves this problem. First note that given z (which we are assuming 
is special) we may construct zi and calculate B = B{zi) of Definition 13.6, since 
the word problem is solvable in A and B. The number of arcs of r^, if it exists, 
is at most B, using Theorem 13.7. The same is true of F^. Assume that 
exists and that the set of arcs of F~ is ^, so < |^| < B. There are, up to 
homeomorphism, finitely many surfaces of type (ni,ti,pi) which have no closed 
components. We fix one such surface, call it E and assume that F^ is a picture on S. 
Then E is a disjoint union of surfaces Si, . . . , E„, where T,j is of type {nj,tj,pj), for 
j = 1,. . . ,u. Note that need not be connected and each connected component 
of S is a connected component of Ej , for some j with 1 < j < m. Assume then that 
S has c connected components Qi,. . . , flc, for some c such that u < c < i^u+i- If 
n is a connected component of S we denote by Fj(ri) the restriction of F" to O. 
There are finitely many partitions {Ai, . . . ,Ac) of |^| and (if F^ exists) one such 
partition satisfies Aj = the number of arcs of of F~(f2j), j = 1, . . . , c. Fix some j, 
with 1 < j < c and write fl = flj. Let ft be the connected sum of tn torii and 
projective planes and have uq boundary components with prime boundary labels 
Zi, fov i = d + 1, . . . , d + n^i and an appropriate integer d. 

Let SIq be the surface 

fio = 0\{int(w) : u is a vertex of F~(ri)}. 

Let Vj be the number of vertices of Tj (ft) . As F^ (ft) has Aj arcs and its vertices 
all have index ml it follows that Vj < Aj/ml. 

Let fioo be the surface formed by cutting Oo along arcs of F j (fi) . Each connected 
component of fioo is the closure of a region of Fj(ri). Since F^ is minimalistic so 
is F.s(O), so for each region A of F7(fi) we have x(^) ^ x(^)- As JIq is connected 
^00 has at most Aj + 1 connected components and, by construction, 

X(^^oo) = xm - V, + A, 

= 2-tn- P(i/2 - HQ - Vj + Aj 

> 2 - {tn+pn/2) - nn + A.j{l - I /ml). 

Set Xj = 2 — [tn +j3n/2) — no — Aj{l — 1/ml). There are finitely many surfaces 
of Euler characteristic Xj with at most Aj + 1 connected components each of Euler 
characteristic at least x(^)- The algorithm takes each such surface and attempts to 
construct F~(r2) from it. Given a such a surface which we take to be fioo suppose 
that dQ.QQ has connected components Ci, . . . , c^j. There are finitely many ways of 
assigning a positive integer /?i to q, for i = 1, . . . , D, so that X^i^i Pi = 2(Aj + 1). 
Choose one such assignment and divide Cj into pi intervals, i = 1, . . . , p,. There are 
now finitely many ways of identifying intervals in pairs to obtain a surface of type 
('i-n + Vo,tn,pn), for each choice of Vo such that < Vo < Aj/ml. If Fj exists then 
one such gives rise to a surface homeomorphic to ^q. Fix such a choice of Vq and 
of pairings and assume the resulting surface is flo- The paired intervals become 
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properly embedded arcs on flo which we refer to cis s^rcs, cls they become arcs of 
if the process is successful. To obtain V, all but nn of the boundary components 
of flo are capped off with disks, which we refer to as vertices (they'll become the 
vertices of {^ j)- This must be done in such a way that each vertex meets exactly 
ml arcs. There are finitely many ways of doing this, one of which results in a surface 
homeomorphic to il. Fix one such choice and assume the resulting surface is and 
that the vertices and arcs are those of Fj(f7). Images of connected components 
of r^oo in ^ are called regions of fl. Choose one of the finitely many possible 
orientations of F~(J1) consistent with the definition of orientation of a sketch in 
Section 6. The union of O with these arcs, vertices, regions and orientation is 
called Fft. 

To recover F J (Jl) the components of {vertices of Fh}\{arcsof F;,} and of {boundary 
components of ri}\{arcs of F{,} must be labelled to give a picture with partisan 
boundary labels stripped. There are finitely many ways of labelling corners of ver- 
tices with elements of ^ U S so that each vertex has label r^™ . There are finitely 
many ways of assigning the z^ 's to the boundary components of O. This must be 
done in such a way that if Zd+j & U then Zd+j is assigned to a boundary 
component which meets no arc of F;,. Suppose z is assigned to p. There are then 
finitely many ways of assigning a boundary partition to /3 which Hi admits z, since 
the arcs of F^ are already fixed. Suppose that a boundary partition of P, which 
£-admits z has been chosen. There are finitely many ways of assigning the letters 
of z as prime labels of the boundary intervals of this boundary partition. Assume 
then that f3 has prime label z with some boundary partition. If [b, c] is a non- 
partisan boundary interval of this boundary partition then the label of [b, c] and 
of all components of [&, c]\Ff, is fixed by the assignations made so far. Choosing 
boundary partitions and prime labels in this way for all boundary components of 
d^l we obtain labels for all corners of F^ except those containing partisan boundary 
intervals. 

Since A and B have solvable word problem, the conditions PI, P2 and P4, for 
Fb to be a picture with partisan boundary labels stripped can now be checked, as 
prime labels are enough to verify these conditions. Furthermore P3 can be verified 
for every non-partisan region of F^. To see this note that, since F^ is obtained from 
F by Z-cancellation and Fg is minimalistic, by construction x{^) > x(^)) for all 
regions A of F^. 

Suppose A is a region of F(, which has s' boundary components all of which are 
non-partisan, with labels • • • , Ug') in V, tor V = A or B. Suppose that A is 
a union of t' torii and p' projective planes. Since x(^) ^ x(^)j (14.2) and (14.3) 
hold, with j in place of i. Setting 

u' = Ui,... ,Us' 

we have u G {V^, Hi, s' , t' .p'). Furthermore (0, s', t',p') G Af and so, by hypothesis, 
the Q£{0, s', f',p') -problem is solvable in {A, B). Therefore we may check whether 
or not {s',t',p') e Wi-genus(u') in V: that is whether condition P3 holds for A. If 
all these conditions are satisfied then Fb is a candidate for Fj(f7). We now repeat 
this process for all connected components fl = fii, . . . ,$7^ of our candidate S. If 
successful, this gives rise to a candidate for F j . 

Assume we have a candidate for Fj, which we continue to call Ff,. Next we 
consider the partisan regions of F(,. Using the same notation for partisan regions 
of F(, as used for F^ above, the prime labels boundary components of partisan 
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boundary regions of Ff, give rise to an clement 

ve (A^ u B^,£,h',k') 

as in (14.4) and furthermore (14.5) holds, as before. 

Since the word problem is solvable in A and B the graph G(zi) may be con- 
structed and the vertex v{Tj) located, using Tj. There are finitely many path- 
subgraphs of Z-paths in G(zi), since G(zi) is a finite graph, and we fix one such and 
call it P. This allows construction of the system of parameters C~ (Fj , P). We may 
now construct the system of equations Q" = Q(z", £u£~(Fj, P), h", n") described 
above. As (h", n", t", p") € Af and Q" has environment {{Xj)jQj; {Hj)j^j] {Hj)j^j)^, 
there is an algorithm to determine whether or not Q" has a solution and if so to 
find one. 

If a solution {(j)o,ao) to Q" is found then, as above, a solution to Q may be 
constructed. If no such solution exists then either there is no solution to Q or one 
of the choices above was not the right one. At each stage there are finitely many 
choices so once they've all been tried either we have a solution or there is none. 
This completes the description of the algorithm. 
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